THE NUMBER OF ALGEBRAIC CYCLES WITH BOUNDED DEGREE 
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Abstract. Let X be a projective scheme over a finite field. In this paper, we consider the 
asymptotic behavior of the number of effective cycles on X with bounded degree as it goes 
to the infinity. By this estimate, we can define a certain kind of zeta functions associated 
with groups of cycles. We also consider an analogue in Arakelov geometry. 



Introduction 

Let X be a projective scheme over a finite field ¥ q and H an ample line bundle on X. For 
a non- negative integer k, we denote by n^X, H, I) the number of all effective /-dimensional 
cycles V on X with deg H (V) = k, where deg H (V) is the degree of V with respect to H given 
by 

deg H (V) = deg (H l ■ V) . 

One of the main results of this paper is to give an estimate of rik(X, H, /) as k goes to the 
infinity, namely, 

Theorem A (Geometric version). (1) If H is very ample, then there is a constant C 
depending only on I and dim^ q H° (X, H ) such that \og q Uk(X, H, I) < Ck l+1 for all 
k>0. 

(2) If I ^ dimX, then limsup q ) +1 ' > 0. 

As a consequence of the above theorem, we can define a certain kind of zeta functions of 
algebraic cycles as follows. We note that Weil's zeta function Z x /F q is given by 



J2MX,H,0)T k 



k=0 

accordingly we define a zeta function Z(X, H, I) of /-dimensional cycles on a polarized scheme 
(X, H) over ¥ q to be 

oo 

Z(X,H,l)(T) = Y,MX,H,l)T kl+ \ 

k=0 

Then, by the above theorem, we can see that Z(X,H,l)(T) is a convergent power series at 
the origin. 

Further, using the same techniques, we can estimate the number of rational points defined 
over a function field. Let C be a projective smooth curve over W q and F the function field 
of C. Let / : X — > C be a morphism of projective varieties over W q and L an /-ample line 
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bundle on X. Let X v be the generic fiber of /. For x G X V (F), we define the height of x 
with respect to L to be 

hL[x) = ^— ~ 

where A x is the Zariski closure of the image of Spec(F) — > X,, <^-> X. Then, we can see that, 
for a fixed k, there is a constant C such that 

#{x G X(F) | [F(z) : F] < k and /i L (x) < h} < q ah 

for all h > 1. Thus, a series 

xex v (F), 

[F(x):F]<k 

converges for all s G C with 3?(s) ^> 0. This is a local analogue of Batyrev-Manin-Tschinkel's 
height zeta functions. 

Moreover, let X — > Spec(O^) be a flat and projective scheme over the ring Ok of integers 
of a number field K and let 7i be an ample line bundle on X . Then, as a corollary of our 
estimates, we can see an infinite product 

L(X,H,l)(s)= H Z(X p ,Hp,1)(#k(P)- s ) 

P6Spcc(O x )\{0} 

converges for all s G C with 9ft(s) ^> 0, which looks like a generalization of the usual L- 
functions. 

The next purpose of this paper is to give an analogue in Arakelov geometry. Let X be a 
projective arithmetic variety, i.e, a flat and projective integral scheme over Z. Let H be an 
ample C°°-hermitian Q-line bundle on X. For a cycle V of dimension I on X, the arithmetic 
degree of V is defined by 

d^g 1T (v) = d^g(c 1 (Hy l \v). 

For a real number h, we denote by n^/^X, H, I) (resp. n<^(X, if, Z)) the number of effective 

cycles (resp. horizontal effective cycles) V of dimension / on X with degj[(V) < h. Then, 
we have the following analogue. 

Theorem B (Arithmetic version). (1) There is a constant C such that 

logn< h (X,H,l) <Ch l+1 

for all h>0. 

-hoi/ 



logn™(X,H,l) 

h— >oo 



(2) If I 7^ dimX, then limsup — " — > ^' 



Techniques involving the proof of Theorem are much harder than the geometric case, 
but the outline for the proof is similar to geometric one. We have also the estimate of rational 
points defined over a finitely generated field over Q (cf. Theorem |6.1.1|) . 

Finally, we would like to give hearty thanks to Prof. Mori, Prof. Soule and Prof. Wan for 
their useful comments and suggestions for this paper. 
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I. Notations and Conventions 
Here, we introduce notations and conventions in this paper. 

(1.1) . For a point x of a scheme X, the residue field at x is denoted by k(x). 

(1.2) . Let X be a Noetherian scheme. For a non-negative integer /, we denote by Ci(X) the 
set of all /-dimensional integral closed subschemes on X. We set 

Z l {X) = ZV, and Zf{X) = Z> V, 
vec ; pO veCi(x) 

where Z> = {z E Z \ z > 0}. An element of Z X {X) (resp. Zf s (X)) is called an I -dimensional 
cycle (resp. I -dimensional effective cycle) on X. 

For a subset C of Ci(X), we denote yeC ZV and yeC Z> V by Z^X; C) and Zf ff (X; C) 
respectively. In this paper, we consider the following C(U) and C(X/Y) as a subset of C;(X); 
For a Zariski open set U of X, we set 

C(u) = {V e Ci{x) \vnu^®}. 

For a morphism / : X — > F of Noetherian schemes with F irreducible, we set 

cpr/F) = {y g d(x) I /(to = f}. 

For simplicity, we denote Zi(X;C(U)), Zf(X;C(U)), Zi(X;C(X/Y)) and Zf(X;C(X/Y)) 
by Zi(X;U), Zf(X;U), Z^X/Y) and Zf(X/Y) respectively. In order to show the fixed 

morphism / : X -> F, Z^X/Y) and Zf(X/Y) are sometimes denoted by Z t (X Y) and 

Zf ff (X Y) respectively. 

(1.3) . Let R be a commutative ring with the unity. Let X be the product of projective 
spaces Pr 1 , • • • , P^ r over that is, 

If i? is UFD, then, for a divisor £) on X, there is the unique sequence (k±, . . . , k n ) of non- 
negative integers and the unique section s E H° (X, ®" =1 £>*(£?(&*))) module i? x such that 
div(s) = D, where p; : X — > P^ is the projection to the i-th factor. We denote fc, by deg^Z?) 
and call it the degree of D. Moreover, for simplicity, we denote 

F n R x R ---x R F n R 

" v ' 

r-times 

by (P") r . Note that (P™)° = Spec(Jf). 

(1.4) . For a non-negative integer n, we set 

J{l,2,...,n} ifn>l 
N "\0 ifn = 0. 

We assume n > 1. Let us consider the scheme (P)j) n over i?, where i? is a commutative 
ring. Let p^ : (P^)" — > P# be the projection to the i-th factor. For a subset J of [n], 
we define pj : (P^) n — > (P«) # ^ as follows: If I = 0, then pj is the canonical morphism 
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(P)j)" — > Spec(.R). Otherwise, we set / = . . . , i#m} with 1 < i\ < ■ ■ ■ < i#m < n. 
Then, pj = p h x • ■ • x p i#(J) , i.e., p/(rci, . . . , x n ) = (x h , . . .,x i#(I) ). Note that p {i} = p { . 

(1.5) . Let us fix a basis {X , . . . , X n } of #°(P£, 0(1)). The Fubini-Study metric || • || FS of 
(9(1) with respect to {X , . . . , X n } is given by 

11X11 W 

*" FS yiXo^+^+W 

For a real number A, the metric exp(— A)|| • ||fs is denoted by || • ||fs a - Moreover, the hermitian 
line bundle (0(1), || • ||fs a ) is denoted by O A (l). 

(1.6) . Let / and g be real valued functions on a set S. We use the notation '/ x g' if 
there are positive real numbers a, a' and real numbers b, V such that g(s) < af(s) + b and 
f(s) < a'g(s) +b' for all s G S. 



2. The geometric case 
The main purpose of this section is to find a universal upper bound of the number of effec- 



tive cycles with bounded degree on the projective space over a finite field (cf. Theorem |2.3.3|) , 
namely, 

Fix non-negative integers n and I. Then, there is a constant C(n, I) depending 
only on n and I such that the number of effective /-dimensional cycles on 

with degree k is less than or equal to q c ( n > k ) kl+1 . 
First we consider a similar problem on the product (Pp ) n of the projective line. The advan- 
tage of (Pj- 9 ) n is that it has a lot of morphisms, so that induction on its dimension works 
well. 



2.1. Preliminaries. Here let us prepare basic tools to count cycles. 

Let {T n }£i = {T no , T no+ i, . . . , T n , . . .} be a sequence of sets. If it satisfies the following 
properties (1) - (4), then it is called a counting system. 

(1) For each n > no, there is a function h n : T n — > M>o- 

(2) For each n > no + 1, there are maps a n : T n — > T n _i and f3 n : T n — > T no such that 

h n -x{a n {x)) < h n (x) and h no ((3 n (x)) < h n (x) 

for all x G T n . 

(3) There is a function A : P> x M> R such that A(s, t) < A(s', t') for all < s < s' 
and < t < t' and that, for y G T n ^i and z G T„ , 

#{x G T n | a n (x) = y and f3 n {x) = z} < A{h n ^ x (y), h no (z)). 

(4) There is a function B : M>o — > M and a non-negative constant to such that 

#{xGT no | h no (x) <h}< B{h) 

for all h > to- 
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Lemma 2.1.1. If {T n }™ = is a counting system as above, then 

#{x G T n | h n (x) < h} < B(h) n - no+1 A{h,h) n - no 

for all h > to- 

Proof. For x G T n with h n (x) < h, by the property (2), we have h n _i(a n (x)) < h and 
h m (Pn(x)) < h. Thus, by using (3) and (4), 

#{x G T n | h n {x) <h}< #{y G T„_! | K-M < h} ■ #{z G T no | h„ (z) < h} ■ A(h, h) 

< #{y G T n _! | K-M < h} ■ B{h) ■ A(h, h). 

Therefore, we get our lemma by using induction on n. □ 

The following lemma will be used to see the above property (3). 

Lemma 2.1.2. Let X and Y be projective schemes over a field K . Let p : X Y — > X 

and q : X Xjf Y — > Y be the projection to the first factor and the projection to the second 
factor respectively. Letx±,...,x s (resp. y 1 ,...,y t ) be closed points of X (resp. Y). Let 
us fix an effective 0-cycle x = Ylt=i a i x i an d an effective 0-cycle y = Y^j=i ^jUj- Then, the 
number of effective 0-cycles z on X x K Y with p*(z) = x and q*(z) = y is less than or equal 
to 2 a ^ a ^\ where a x (x) = £* =1 y/<kWxi):K\ and a Y (y) = £j =1 V b A<Vj) ■ K \- 

Proof. Let %fe's (k — 1, . . . , Uf) be all closed points of Spec(K(xj) ®k ^(Vj))- Then, an 
effective 0-cycle z on X Xk Y with p*(z) = x and q*(z) = y can be written by the form 

Sr/fc CijkZijk- Hence, 



and 



i \ j,k J 
j \ i,k J 



Thus, 

Cijk < min {a h bj} < ^fafby 
Therefore, the number N(x, y) of effective 0-cycles z on X x K Y with p*(z) = x and q*(z) = y 
is less than or equal to 11^(1 + \/ a ibj) lii ■ Here note that 

lij < min{[/c(xj) : K], [k(xj) : K}} < yf[K,(xi) : K][n(xj) : K}. 
Moreover, 1 + x < 2 X for x G {0} U [1, oo). Hence, 

N(x,y) < Y[(l + y/^T^^y/^y-^y^ 

ij 

< J~J 2V ai ^ Xi y- K W b ^ K< -y^ :K ^ = 2^*J V a i [K{xi)-K]y/bj [K( yj ):K] _ 
ij 

Thus, we get our lemma. □ 
The following lemma will be also used to count cycles. 



6 



ATSUSHI MORIWAKI 



Lemma 2.1.3. Let tt : X' — > X be a finite morphism of normal integral schemes. Let 
Z = Y17=i ai ^i be an effective cycle on X , where Zi 's are integral. Then the number of 
effective cycles Z' on X' with ir*(Z') = Z is less than or equal to 2 deg W^*=i a *. 

Proof. We denote by ct{Z) the number of effective cycles Z' on X' with ir*(Z') = Z. 
Let 

Z'n-i • • • > Z'iu be all integral subschemes lying over Z±. Then, ti < deg(7r). Let Z 1 be an 
effective cycle Z' on X' with ir*(Z') = Z. Then, we can set Z' = Y^=i Y^j=i a ijZij- Since 
n*(Z') = Z, the number of possible (an, . . . , a^J's is at most (1 + aj) deg ^. Therefore, 



a(D)< jj(l + ai ) 



deg(?r) 



i=l 



Here note that 1 + x < 2 X for x G {0} U [1, oo). Hence we get our lemma. □ 

2.2. Cycles on (Pjj. ) n . Let us begin with the case of divisors. 
Proposition 2.2.1. Let ki, . . . , k n be non-negative integers. Then 

#{D G Div cff ((pi Y) | de gi (D) < h Vz = 1, . . . ,n} < 9 - - - ~ ■ + 1). 



i=l 



Proof. In the following, the symbol D is an effective divisor on (Pj ^" 



1 9 ' 



# {-D | de gi (£>) < ki (Vz)} = #{ D I de &( D ) = e * ( V ^)} 

0<ei<fc ll ...,0<e n <fcn 



0<ei <fci,...,0<e n <fc n 



? (ei+l)-(e»+l) _ j 
^1 



„(fci+l)-(fc„+l) 

< (fc 1 + l)...(A; n + l)£. 



0-1 

In order to proceed with induction, the following lemmas are very useful. 



□ 



Lemma 2.2.2. Let f : X —> S and g : Y —>■ S be morphisms of projective schemes over ¥ q . 
We assume that S is integral and of dimension I. Let p : X x$Y —>■ X and q : X x$Y — > Y 
be the projections to the first factor and the second factor respectively. Fix D G Zf s (X/S) 
and E G Zf(Y/S) {for the definition ofZf(X/S) and Zf(Y/S), see [L2J). 

(1) Assume I > 1. Let A±, . . . , A\ be nef line bundles on X , Bi, . . . ,Bi nef line bundle on 
Y, and Ci, . . . ,Ci nef line bundles on S such that Ai<& /*(Cj) 0_1 and Bi® g*(d)®~ 1 
are nef for all i and that deg(Ci • • • C{) > 0. Then, 

log q (# {V G Zf[X x s Y/S) | p*(V) = D and q*(V) = E}) 

deg{A l ---A l -D)deg{B 1 ---B l -E) 



< min 



degid-'-Q) 2 
y/0(D)0{E) deg(A 1 ■■■Ai-D) degjB, ■■■B l -E) 
deg (d-.-C,) 



THE NUMBER OF ALGEBRAIC CYCLES WITH BOUNDED DEGREE 7 

where 9(D) (resp. 9(E)) is the number of irreducible components ofSwpp(D) (resp. 
Supp(E)). 

(2) Assume I = 0, so that S = Spec(F q r) for some positive integer r. Then, 
\og q (# {V G Zf(X x s Y/S) | p m (V) = D and q m (V) = E}) 

< min 



deg(D)deg(E) ^9(D)9(E) deg(D) deg(£) 



Proof. (1) We set D = £* =1 a { A and E = Y! j=1 bjEj. Then, 

(2.2.2.1) deg(A 1 ■■■A l -D) = Y j a l deg(A l ■ ■ ■ A l ■ A) 

> ^ ^ de g (/* (co ■ ■ ■ r(Q) ■ a) = a * de ^ -> 5 ) de s( Ci • ■ ■ 

i=l i=l 

In the same way, 

t 

(2.2.2.2) deg(A ■■■B l -E)>Y,h ^eg(E J -> 5) deg(C7 1 ■ - - Cj). 

i=i 

Thus, 

deg^x-.-^-D) ^ , deg(A---A-^) ^ A " JZ m 

Moreover, note that 

\fn\Jxx H hi„ > v/a^" H h \/^n- 

Thus, the above inequalities (|2.2.2.1|) and (|2 . 2 . 2 . 2[) imply 



sdeg(Af-Ai- D) ^ — m 

deg^-Q) ^Lv^degtA^) 



i=i 



and 



' tdeg(fii-firE) / ~ 



Therefore, considering X, K and I XyF over the generic point of S, Lemma |2.1.2| implies 
our assertion. 

(2) We set D = J2i=i a i x i an d E = Y^j=i bjVj- Then, 

s s 

deg(.D) = y]ai[«(a;i) : F,] = r^a^X;) : F,r] 

i=l i=l 

and 

t t 
deg(E) = ^bMVi) ■ F J = rJ2 b A<Vi) ■ 

3=1 3=1 
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Thus, in the same way as in (1), we get our assertion. □ 

Using the above lemma, we have the following. 
Proposition 2.2.3. There is a constant C(n, I) depending only n and I such that 
#{U G Zfm q Y) I dfig V)n(w) (V) <h}< q c ^ hl+1 

for all h > 1 . 

Proof. First we assume 1 = 0. Let us see 

#{V G Zf((Fl q ) n ) | deg(V) <h}< q 3nh 

for h > 1. We prove this by induction on n. If n = 1, then our assertion follows from 
Proposition [2.2.1| , so that we assume n > 1. Let g : (Pj ) n — > (Pp ) n_1 be the projection 



L 9 / > M' 

given by q(xi, . . . , x„) = (xi, . . . , x n _i). For a fixed G ^Q ff ((P F ) n_1 ), let us estimate the 
number of {V G Zf((P^ q ) n ) \ q m (V) = W}. We set W = YH^iVi- For v e ^5 ff (( P F 9 ) n ) 
with g*(V r ) = PU, let V = Vi + • • • + V e be the decomposition of effective 0-cycles with 
q*(Vi) = aiDi (i = 1, . . . ,e). Then, Vi G Zf{¥ l ^ m) ) and the degree of Vi in P^.., is a;. Thus, 
the possible number of Vi is less than or equal to #(K>(yi)) 3a \ Thus, 



#{V G ZfdF^T) | <fc(V) = < fJ#( K ( 2/i )) 3 ^ = JJg3[«(w)*J^ = g 3 



7 3deg(W) 
y — V 

i=l i=l 

Therefore, since deg(V^) = deg(g ! „(V A )), using the hypothesis of induction, 

#{U G ^((^D I deg(K) < M < #{W G Z eff ((pi 5 )«- 1 ) | deg(W) < h} ■ q 3h 

< g 3 ( n_1 ) h ■ q 3h = q 3nh . 



Next we assume / > 1. For a subset / of [n] = {1, . . . ,n} with = I, let us con- 

sider the morphism pj : (P F ) n — > (Pp )' (for the definition of pj, see |(1.4)| ). We denote 

by Zj off ((Pjp ) n -+ (Pj )') the set of effective cycles on (Pp g ) n generated by /-dimensional 
subvarieties which dominates (P F ) l via pj. Then, it is easy to see that 



IC[n],#(I)=l 



Thus, since 



#({/ | / C[n], #(/) = /})= (?) <2\ 



I, 

it is sufficient to see that there is a constant C'(n, I) depending only on n and I such that 
{V G Zfm) n * (Pi )') | deg H (V) <h}< q c '^ hl+1 



for all h > 1. By re-ordering the coordinate of (Pjjr ) n , we can find an automorphism 
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with 7T[/] • i — 7T/ and t*(d?(pi)«(l, . . . , 1)) = 0(pnn(l, . . . , 1). Thus, we may assume that 
I — [I]. We denote pp] by p. Let : (P F(j ) n — > P Fij be the projection to the i-th factor. For 
n > Z + 1, we set 

r„ = ^ eff ((p Fg )" ^ (pyo 

and Zi n (y) = deg 0(w) (V) for 7 G T n . Let a n : (P F J" -> (P^)™" 1 and 6 n 



'rail 
J n ■ V^fJ 



Dl V+l 



be morphisms given by a n = p[„_i] and 6 n = P[i]u{n}, namely, 



a n (xi, . . . , x n ) — [Xi, . . . , and b n {xi, . . . , x n ) — (xi, . . . , Xi, x n ). 

Here, a n : T n -> T n _i and /3 n :T n ^> T m are given by 

= (a n )*(y) and /? n (y) = (fc n )*(^)- 

Then, since 

<V)n(l, . . . , 1) = (0 n )*(0 (P l ) n-l(l, . . . , 1)) ® K(Opl(l)) 

and 



n-l 



0(pi)n(i, . . . , i) = (6 n )*(o (pl)i+ i(i, . . . , i)) ® Qs) pK^M 1 ))' 

it is easy to see that /i n _i(a„(y)) < h n (V) and Zty + i(/3 n (y)) < Zi n (y). Note that the diagram 



1 \n-l 



di y+i 



is a fiber product. Thus, by Lemma |2.2.2| , if we set A(s,t) = q st , then, for y G T n _! and 

z e T l+1 , 

#{x G T n | a n (x) = f3 n {x) = z) < A(h n -i(y) > h l+1 (z)). 

Here, 

{D G T m | h l+1 (D) <h}C{De T l+1 | de gi {D) < h for aU i = 1, . . . , Z + 1}. 
Thus, by Proposition ggj] , if we set = (1 + h) l+1 q {1+h)l+1 , then 

#{£GT i+1 |Zi m p)< ft} 

Therefore, by Lemma |2.1.1| , 

#{x G T n | /i n (x) < Zi} < B(h) n - l A(h,h) n - 1 - 1 

= (i + /^(n-oa+iy^-oa+M'+y™-'-!^ 2 



< g(™-0('+l)^g(™-0(2^) i+1 ^(n-i-l)^ 2 < ^(n-0(2 ;+1 +Z+2)ft i + 1 



for all h > 1. 



□ 



Moreover, we have the following variant of Proposition |2.2.3 
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Proposition 2.2.4. Let d, I and n be positive integers with d < I < n. Let py\ 



Dl \n 



"J- ) d be the morphism given in |(1.4) . Let pi 



Dl \n 



Pj- be the projection to the i-th 



factor. We set L n = (g)™ =1 p* (0(1)) and H n = ® d =1 p*(0(l)). Then, for a fixed k, there is 
a constant C such that 

deg{L d ~ d ■ H d ■ V) < k, 
deg(Lt d+1 ■ E d ~ x ■ V) < h 



for all h > 1 . 
Proof. We set 



1 \n P l d ) /TB>1 \d\ 



< 



C-h d 



E= {/ | [d]CIQ[n], #(/) = «}. 



Then, 



zf((K q r p ^(K q ) d ) = J2 z i s 



IT - (PJJ')- 



Thus, it is sufficient to show that there is a constant C 



# <V G 



effz/TTsl \n W ml \l 



(KJ) 



deg(Lt d • H n d ■ V) < k, 
deg{Lt d - 1 ■ Ht 1 -V)<h 



C'-h d 



for all h > 1. Re-ordering the coordinate of (Pj ) n , we may assume that I = [I]. We 



denote pi by p. Let a r 



Jl \n 



\) n ~ x and b, 



Dl 



Dl 



be morphisms given 



by a n = p[ n -x] and b n = P[ip{ n }, i.e., a n (xx, ...,x n ) = (x 1} . . . ,x n _i) and b n {x x , ...,x n ) 
(xi, . . .,x h x n ). Then, 

fa;(L n _i)®p*(0(l)) =L n 

^;(# m ) = tf n 



(2.2.4.1) 
Here, for n > / + 1, we set 



T n = {Ve Zfm q T - ) I deg(L^ d -Hi-V)< k}. 

Let fr n : T n -> R be a map given by /^(V) = deg(L^ d+1 • H n d ~ l ■ V). Then, by ( |2.2.4.1|) , 
we have maps a n : T n — > T n _i and /3 n : T n — > Tj+i given by a„(V) = (a n )*(^0 and 
/3n(V) = Moreover, h n ^(a n (V)) < h n (V) and h l+l {(3 n {V)) < h n (V) for all V G T n . 

As in Lemma |2.2.2| , we denote by 6{V) the number of irreducible components of a cycle V. 
Then, for V G T n , it is easy to see that 9(V) < k. Further, 



p*(H l ) = H n and p*(L t ) <g> (g) p*(<D(l)) 

i=l+l 

Thus, by Lemma |2.2.2| , for .D G T n _i and G TJ+i, 
\og q #{V G T n | a n (V) = D,/3 n (V) = E} 



< 



VdegjLtr • e/ • g) deg(L/ + Y +1 • i^i ; g 
deg (Lt d+1 ■ Ht 1 ) 
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Thus, if we set A(x, y) = q k V^v ; then 

#{V G T n | a n (V) = D,(3 n (V) =E}< A(h n ^(D) , h l+1 {E)) . 

Here let us estimate G TJ +1 | h l+ i(D) < ft}. In this case, D is a divisor on (Pp )' +1 . 

Thus, 

deg(L/ + - d • ■ D) = d\(l - d)\(deg d+1 (D) + ■■■ + deg l+1 (D)) 

and 

deg(L/- d+1 ■ H^- 1 .D) = {d-W-d+ l)!(de gl (D) + • • • + deg m (£>)). 
Therefore, deg^-D) < ft for 1 = 1, . . . d and deg^-D) < k for j = d + 1, . . . , I + 1. Hence, by 
Proposition [2.2.1| , if we set -B(ft) = q Cl ' hd for some constant C*i, then 

#{DeT l+1 \h l+1 (D)<h}<B(h) 

for ft > 1. 

Gathering the above observations and using Lemma [2.1.1| , 

#{K G T n | h n (V) <h}< B^hY^A^hY- 1 - 1 < q (n-l)Cvh«+k{n-l-l)h_ 

for ft > 1. Hence, we get our proposition. □ 

Remark 2.2.5. The following are remarks for Proposition [2.2.4| . 

(1) deg(L,^~ d • H' d ■ V) = d\ deg((L n ) d ~ d • V v ), where the subscript r\ means the restriction 
of an object on (Pj ) n to the generic fiber of p[ d ] : (Pj ) n — >■ (Pj. ) d . 

(2) If we set L' n = ®™ =d+1 p*(0(l)), then, for a fixed fc, there is a constant C" such that 

deg(L' n l ~ d • H d ■ V) < k, 
deg(L' n l ~ d+1 ■ Ht 1 -V)<h 

■l-d _ u-d _ T' -l—d 
n 

L'n~ d+1 ■ H^ 1 = L' n l - d+1 ■ Ht 1 + (l-d+ l)L' n l ~ d ■ H d 



#{Vezf((Fl q ) nP ^(Fl q ) d ) 



r.hd 



C'-h 



for all ft > 1. (y Note that L n = LL + H n . Thus, L l ~ d ■ H d = L' n l ~ d ■ H d and 



2.3. Cycles on a projective variety over a finite field. Here we consider the main 
problem of this section. Let us begin with two lemmas. 

Lemma 2.3.1. Let F be a field. Let <fi : Pp. --- » (Pp.) n be the birational map given by 

(X :...:X n )^(X :X 1 )x--.x (X : X n ). 

Let £ be the boundary of¥ n F , that is, £ = {X = 0}. ForV G Zf(F F ; P£ \ £), we denote fey 
V' the strict transform ofV by <fi {For the definition of Zf (Pp.; Pp \ E) ; see |(1.2) ). Then, 

n l deg {p n {\f ■ V) > deg (o (P ^(l, . . . , l) 1 ' ■ 1/') 

for all V G ^ off (P£;P£\£). 

Proof. Let F (C P™ x (Pp.) 71 ) be the graph of the rational map (j) : Fp — > (Pp.)". Let 
/i : K — > Pp and z/ : Y — > (Pp.)" be the morphisms induced by the projections Pp x (Pp)" — > 
Pp and Pp x (Pp)" — > (Pp.)" respectively. Here we claim that there is an effective Cartier 
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divisor E on Y such that (1) n(E) C S and (2) n*{0(n)) = v*(0{l, . . . , 1)) ® Oy(^). Let 
Pj? x Pf) be the graph of the rational map P F — » P F given by 

(X :---:X n )^(X :X l ). 

Let /ij : Yj — »■ P F and : Yj — »■ P F be the morphisms induced by the projections P F x PL. — > 
P F and P F x P F -> P F respectively Let 7T, : (P^) n -> P F be the projection to the i-th factor. 
Moreover, let ft* : Y — > Y be the morphism induced by id : P F x (P^) n — > P F x P F . 
Consequently, we have the following commutative diagram: 



Y 




Note that Y is the blowing-up by the ideal sheaf ij generated by X and JQ. Thus there is 
an effective Cartier divisor E { on Y with IiO Yl = Yi {—E^) and /i*(C P n(l)) ® Yi (—Ei) = 
z/*(C P i(l)). Thus if we set E = J™=i K(Ei), then 

V*(0(n)) = v*(0(l,...,l))®0 Y (E). 

Hence we get our claim. 

For V G Zf(F n F ; \ £), let V™ be the strict transform of V by /i. Then, by using; the 
projection formula, 

deg (0(n)' 1 ■ V) = deg (ii*(0(n)) 4 ■ V") . 
Moreover, by the following Lemma |2.3.2j 

deg (»*(0(n)y l ■ V") > deg (v*(<D(l, . . . , 1))-' • V") 

Thus, using the projection formula for v, we get our lemma because i/*(V") = V. □ 

Lemma 2.3.2. Let X be a projective variety over a field F andLi, . . . , Ldim x , Mi , . . . ,M d i mX 
ne/ line bundles on X. If Li® M® -1 is pseudo-effective for i = 1, . . . , n, then 

deg(Li • • • L dimX ) > deg(M 1 ■ ■ ■ M dimX ). 
Proof. We set E i = L t ® Mf~ l . Then 

dimX 

deg(Lx • • • L dimX ) = deg(Mi • • • M AimX ) + deg(Mi • • • Mj_i • E { ■ L i+1 ■ ■ ■ L dimX ). 

i=i 

Thus, we get our lemma. □ 

Theorem 2.3.3. There is a constant C(n,l) depending only on n and I such that 
# {{V G (Py | de go(1) (V) < h)}) < q CMhl+1 

for all h > 1 . 
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Proof. We prove this theorem by induction on n. Let us consider the birational map 
F F g — > ( P F 9 ) n g^en by 

: (X Q : • • • : X n ) h-> (X Q : X x ) x • • • x (X : X n ). 

We set U = W% q \ {X = }. Fo r V G ^ cff (P™ 9 ; U), we denote by 7' the strict transform of 
V by cf). Then, by Lemma [2.3. 1| , 



Moreover, note that if 7/ = 7 2 ' for 7, F 2 G Zf ff (P^; £7), then ^ = V 2 . Therefore 

#{7 G Zf ff (P^; U) | de go(1) (y) < M < #{^' G ^((^D I dego^CV) < n'fc}. 
Here, by Proposition |2.2.3| , there is a constant C"(n, I) depending only n and I such that 



Hence, we have 

jitta /- veff/'itD". . m I j — , 



(2.3.3.1) #{7 G Zf{n ■ U) | de go(1) (7) <h}< q c'Wy« +1 ^ + \ 



On the other hand, since Pg \ £7 ~ Pp~\ 

#{^2f(Py | de go(1) (7) < m 

< #{7 G Zf ff (P^; C7) | de go(1) (7) < fc} ■ #{F G ZffP^ 1 ) | deg 0(1) (V) < h} 

Thus, using the hypothesis of induction, if we set C(n, I) — C(n — 1, 1) + n l ^ l+1 ^C'(n, I), then 
we have our theorem. □ 

Corollary 2.3.4. Let X be a projective variety over a finite field ¥ q and H a very ample line 
bundle on X . Then, for every integer I with < I < dimX, there is a constant C depending 
only on I and dim^ H°(X, H) such that 

#{7 G Zf{X) | deg H {V) <h}< q Chl+1 

Proof. Since H is very ample, there is an embedding i : X — > F^ q with i* (0(1)) = H, 
where n = dimF 9 H°(X, H) — 1. Thus, it follows from Theorem [2.3.3| . □ 

Finally, let us consider a lower bound of effective cycles with bounded degree. 

Proposition 2.3.5. Let X be a projective variety over a finite field ¥ q and H an ample line 
bundle on X . Then, for every integer I with < I < dim X, 

log#({V eZf(X) \deg H (V) = k}) 



limsup T-j—^ > 0. 

h—*<X 

Proof. Take (I + l)-dimensional subvariety Y of X. Then, 

# ({V G ZfiY) | deg HW (V) = k}) < # {{V G Zf(X) \ deg H (V) = k}) 



Thus, we may assume I = dimX — 1. Here, note that 

q dim Vq H°(X,H® m ) _ 1 



\H® m \ C {D G Zf_ x {X) | deg H (D) = m(H d )} and #|#® m i 
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where d = dimX. Since H is ample, dim^ H°(X, H® m ) = 0(m d ). Thus we get our 
proposition. □ 

2.4. Northcott's type. Let B be a d- dimensional projective variety over ¥ q . We assume 
that d > 1. Let if be a nef and big line bundle on B. Let X be a projective variety over 
¥ q and / : X — > B a surjective morphism over ¥ q . Let L be a nef line bundle on X. In 
the following, the subscript rj of an object on X means its restriction on the generic fiber of 

/:.v •/;. 

Theorem 2.4.1. If L v is ample, then, for a fixed k, there is a constant C such that 

#{V G Zf(X/B) | &eg(L l r - d ■ V v ) < k, deg{L l - d+1 ■ /"(if)^ 1 • V) < h} < q c - hd 
for all h > 1 . 

Proof. Step 1: We set B = (P^) d and X = (P| ? ) d x (Py e = (Py d+e . Let p< : B -> P^ 
be the projection to the z-th factor. Similarly, let g.,- : X — > Pj. be the projection to 
the j-th factor. Here / : X — > B is given the natural projection qi x ■ ■ ■ x q d , namely, 
/(xi, . . . ,x d+e ) = (xi, . . . ,x d ). Moreover, we set H = p\(0(l)) ® ■ ■ ■ <g> ^ +e (0(l)) and 
£ = <?d+i(C(i))®" ■ -(E)q d+e (0(l)). In this situation, we have our theorem by Proposition p. 2.4 
and Remark p. 2. 5 . 

Step 2: Let us consider a case where X = B x (P^) e , / : X — > i? is given by the 
projection to the first factor and L = g*(0(l, . . . , 1)). Here q : X — ► (Pj- ) d is the natural 
projection. By virtue of Noether's normalization theorem, there is a dominant rational map 
B — > (Pj. ) d . Let the following dia gram 

5' 



be the graph of the rational map B — > (P 1 )^. Here we set X' = B' x (P^) e , B" = (P^) d 
and X" = (Py d x (Py e . Let f : X' - S', g' : X' - (P^) e , /" : X'' - (P^) d , and 
g" : X" — > (Pj, ) e be the natural projections. Moreover, we set L' = q'*(0(l, . . . , 1)) and 
L" = q"*(0(l,. q ..,l)). 

Let a : Zf(X/B) -> Zf(X'/B') be a homomorphism given by the strict transform in 
terms of z/x id : X' -> X. Further, let (3 : Zf{X'/B') -> Zf{X"/B") be the homomorphism 
given by the push forward (z/ x id)* of cycles. Since if is nef and big, there is a positive 
integer a such that Jf ( J B', v*(H)® a <g> z/*(C?(-l, . . . , -1))) ^ 0. Then, by Lemma ggj , 

o^ 1 deg(L^ c!+1 • /* (H)^ 1 ■ V) = a d ~ l deg((z/ x id)*(L)^ d+1 • [y x id)* (f* (H))^ 1 ■ a{V)) 

= deg(L'''~ rf+1 • f'\u*(Hf a y d ~ 1 ■ a(V)) 

> deg(L' 4 - d+1 ■ /'V*(0(1, . . . , l))'*- 1 ■ a{V)) 

= deg{L" d - d+l ■ f"*(0(l, . . . , l))'^ 1 ■ /3(a(V))). 
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Moreover, 

deg(Li~ d+1 ■ V v ) = deg(L'-y +l • a(V) v >) 

= deg(L"-y +1 .(3(a(V)M, 

where the subscripts rj' and rj" means the restrictions of objects to the generic fibers /' and 
/" respectively. 

For a fixed V" G Zf{X"/B"), we claim that 

log, #{V G Zf{X>/B>) | (3(V) = V"} < deg(z/) deg(L"^ +1 ■ V^). 

Let Bq be the maximal Zariski open set of B" such that v' is finite over Bq. We set 
B' = z/ / ~ 1 (5q). Then, the natural homomorphisms 

Zf{X'/B>) -> Zf(X' /B' ) and Zf{X"/B") - ZfiX'/B® 

are bijective, where X' G = B' x (Pj ) e and X£ = B# x (Pj ) e . Thus, by virtue of Lemma |2X3 



if we set V^" = X^* 3 *^; then 

log 9 #{ V G Zf{X'/B!) | /9(V") = V"} < deg(i/) £ a,. 

i 

On the other hand, 

^cti < ^a i deg(L // ^ ci+1 • W irj n) = deg(L"^, +1 ■ V%,). 

i i 

Therefore, we get our claim. 

Hence, by the above observations and Step 1, we have our case. 

Step 3: Next let us consider a case where X = B x P| , / : X — > B is given the natural 
projection and L = q*{0{l)). Here q : X — > P| is the natural projection. We prove our 
theorem of this situation by induction on e. If e = I — d, then our assertion is obvious. Thus 
we assume that e > I — d. Let the following diagram 

Y 




n q (n q r 

be the graph of the rational map Pf --- » (Pp 9 ) e given by 

(X : • ■ ■ : X e ) h-> (X : X x ) x ■ ■ ■ x (X : X e ). 

Then, as in Lemma |2.3.1| , there is an effective Cartier divisor E on Y such that fi(E) C 
{X = 0} and //(0(e)) = z/*(C(l, . . . , 1)) ® CV(£). Here we set X' = B x (Py e and L' = 
. . . , 1)), where q' : X — > (P^ ) e is the natural projection. Moreover, /' : X' — > B is 
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given by the natural projection. Then, for V G Zf s (X; X \ B x {X = 0}), by Lemma |2.3.2| , 



e 



l - d+1 deg{L 4 ~ d+1 ■ fiH)- 4 - 1 ■ V) = deg((/x x id)*(L 0e )^ d+1 • (// x id)*f (if)"*- 1 • V') 



> deg((z/ x id)*(L')'^ +1 ■ {y x id)*/'*^)'^ 1 • V*) 
= deg(L'' / - d+1 • /"W*- 1 ' iy * id).(V)), 
where V is the strict transform of V by fi x id. Further, 

e'- d deg(L^ d • V v ) = deg((/i x id)*{L*%7 d • Vj,) 
>deg((z,xidr(L')^-K;„) 

= deg(L^r d -(^xid),(n,0, 



where 77' and 17" means the restriction of objects on X' and 5 x Y to the generic fibers 
X' — > £? and B xY ^ B respectively. Here I? x {X = 0} ~ 5 x P^ 1 . Thus, by hypothesis 
of induction and Step 2, we have our case. 

Step 4: Finally we consider a general case. Clearly we may assume that L v is very 
ample. Thus, there are a positive integer e and a subvariety X' of B x P§ with the following 
properties: 

(1) Let /' : X' — > B (resp. q : X' — > P| ) be the projection to the first factor (resp. the 
second factor). There is a non-empty Zariski open set B of B such that f^ 1 {Bo) is 
isomorphic to / /_1 (-Bo) over Bq. We denote this isomorphism by 1. 

(2) If we set V = q*{0{l)), then L\ f - 1(Bo) = l* (L'\ f - 



-Hb ) ■ 



Let 



X" 




X X' 



B 





be the graph of the rational map induced by 1. We denote /•// = /'•// by /". By the 
property (2), 

/:'(/i*(L)® / i'*(L'^ 1 ))^0. 
Thus, we can find an ample line bundle A on B such that 

H°(X",fi*(L ® /* (A)) ® ^(L'^ 1 )) ^ 0. 
Let us choose a non-zero element s of 

#°(X", ® f*(A)) <g> ii'*(L'®~ 1 )). 
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Since /"(Supp(div(s)) ^ B, by Lemma p. 3. 2 



deg((L ® r(A)) 4 - d+1 ■ r(H)^ 1 ■ V) = deg(/i*(L ® /*(A))^ rf+1 • a*T W*" 1 • O 

> deg(At / *(L / )-^ d+1 • ii'y^Hy*- 1 ■ V) 

= deg(L' 4 ~ d+1 .r(Hy d - 1 .^(V')), 
where V' is the strict transform of V by Moreover, 

deg((L + f*{A)y l - d+1 ■ riH)^- 1 ■ V) = deg{L 4 - d+1 ■ f*(H)' d ^ 1 ■ V) 

+ (l-d+l) deg(A ■ H d - 1 ) deg(L l ~ d ■ V v ). 
Therefore, by Step 3, we get our theorem. □ 

2.5. Geometric height functions defined over a finitely generated field over ¥ q . 

Let K be a. finitely generated field over ¥ q with d = tr. deg ¥q (K) > 1. Let X be a projective 
variety over K and L a line bundle on X. Here we fix a projective variety B and a nef and 
big line bundle H on B such that the function field of B is K. We choose a pair (X, £) with 
the following properties: 

(1) X is a projective variety over ¥ q and there is a morphism f : X —> B over ¥ q such 
that X is the generic fiber of /. 

(2) £ is a Q-line bundle on X (i.e., £ G Pic(X) ® Q) such that £| x coincides with L in 
Pic(X) <g> Q. 

The pair (X, C) is called a model of (X, L). 

For x G X(X), let A^ be the closure of the image Spec(X) — — > X X. Then, the height 
function of (X, L) with respect to (5, H) and (A", £) is defined by 

{B>H) _ deg(£ ■ / W 1 ■ A,) 

It is not difficult to see that if (X',C) is another model of (X, L), then there is a constant 
C such that 

\h(x,c) ( x ) — ^(X',C) (*^) I — ^ 
for all a; G X(K) (cf. || the proof of Proposition 3.3.3]). Thus, the height function is 

( B H) 

uniquely determined modulo bounded functions. In this sense, we denote the class of h) x 'jJ 

modulo bounded functions by h L ' (x). As a corollary of Theorem |2.4.1| , we have the 
following. 

Corollary 2.5.2. Let be a representative of . If L is ample, then, for a fixed k, 
there is a constant C such that 

{x G X(K) I h L {x) < h, \K{x) :K}<k}< q c ' hd 

for all h > 1 . 



Proof. Since L is ample, we can find a model (X, C) of (X, L) such that £ is nef (cf. 
Step 4 of Theorem [2.4. IT) . Thus, our assertion follows from Theorem |2.4.1 . □ 
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3. Preliminaries for the arithmetic case 

3.1. Arakelov geometry. In this paper, a flat and quasi-projective integral scheme over 
Z is called an arithmetic variety. If it is smooth over Q, then it is said to be generically 
smooth. 

Let X be a generically smooth arithmetic variety. A pair (Z, g) is called an arithmetic 
cycle of codimension p if Z is a cycle of codimension p and g is a current of type (p — 1, p — 1) 
on X(C). We denote by Z P (X) the set of all arithmetic cycles on X. We set 

Clf(X) = Z p (X)/~, 

where ~ is the arithmetic linear equivalence. 

Let L = (L, || • ||) be a C°°-hermitian line bundle on X. Then, a homomorphism 

ci(L)- : CH (X) -> CH (X) 

is define by 

ci(l) • (Z,g) = (div(s) on Z, [— log(||s|||)] + Ci(L) A <?) , 

where s is a rational section of L\ z and [— log(||s|||)] is a current given by i— > — J* z /q log(||s||| 
Here we assume that X is projective. Then we can define the arithmetic degree map 

— - dim X , 

deg : CH (X) -> R 

by 



deif^npP,^) =^n P log(#(«(P))) + i / 



Thus, if C°°-hermitian line bundles L 1; . . . , L dim x are given, then we can get the number 

deg (ci(Li) • • -citXdimx)) , 

which is called the arithmetic intersection number of L ± , . . . , L dimX - 

Let X be a projective arithmetic variety. Note that X is not necessarily generically smooth. 
Let Li, . . . , LdimX be C°°-hermitian line bundles on X. Choose a birational morphism /j, : 
Y — > X such that F is a generically smooth projective arithmetic variety. Then, we can see 
that the arithmetic intersection number 

deg (ci(//(Li)) • • -^(^(Ldimx))) 

does not depend on the choice of the generic resolution of singularities n : Y — > X. Thus, 
we denote this number by 

deg (ci(Li) • • •ci(Ldimx)) • 

Let / : X — > y be a morphism of projective arithmetic varieties. Let Li,...,L r be 
C°°-hermitian line bundles on X, and Mi,...,M s C°°-hermitian line bundles on Y. If 



THE NUMBER OF ALGEBRAIC CYCLES WITH BOUNDED DEGREE 



19 



r + s = dimX, then the following formula is called the projection formula: 

(3.1.1) dei (cifo) ■ • -ci(I r ) ■ ci(/*(Mx)) • ■ ■?!(/*(¥,))) 

if s > dimF 

deg((Li) 7? • • • (L r ),)deg(ci(Mi) • • -ci(M s )) if s = dimF and r > 
deg(/)deg(c"i(M 1 ) ■ • -ci(M s )) if s = dimF and r = 0, 

where the subscript rj means the restriction of line bundles to the generic fiber of /. 

Let Li,...,Li be C°°-hermitian line bundles on a projective arithmetic variety X. Let 
V be an /-dimensional integral closed subscheme on X. Then, deg (ci(Li) • • -c\{L{) \ V) is 
defined by 

deg (ci(Li| v )---ci(L,| y )) . 
Note that if V is lying over a prime p with respect to X — > Spec(Z), then 

deg (ci(Li) • • -ci(Lj) | V) = log(p) deg(Li| v • • • £,| v ). 

Moreover, for an /-dimensional cycle Z = J^i 71 ^ on X, Si n i^ e S (ci(-^i) • • - c\(L{) \ Vj) is 
given by 

feg(c l (L 1 )---c 1 (L l )\Z). 

Let / : X — > K be a morphism of projective arithmetic varieties. Let Mi, . . . , Mi be C°°- 
hermitian line bundles on Y . Then, as a consequence of ( |3.1.1| ), we have 

(3.1.2) dei (ci(/*(Mi)) • • -Mf* (Mi)) \Z)=~&£ {^(Mi) ■ ■■c 1 (M l ) \ f,(Z)) 
for all /-dimensional cycles Z on X. 

3.2. The positivity of C^-hermitian Q-line bundles. Let X be a projective arithmetic 
variety and L a C°°-hermitian Q-line bundle on X. Let us consider several kinds of the 
positivity of C 00 -hermit ian Q-line bundles. 

•ample: We say L is ample if L is ample on X, C\(L) is positive form on X(C), and there 
is a positive number n such that L® n is generated by the set {s £ H°(X, L® n ) | ||s|| sup < 1}. 

•nef: We say L is ne/if C\{L) is a semipositive form on X(C) and, for all one-dimensional 
integral closed subschemes T of X, deg (ci(L) | r) > 0. 

•big: L is said to be big if rk^ H°(X, L® m ) = 0(m dimX(i ) and there is a non-zero section 
s of H°(X, L® n ) with ||s||sup < 1 for some positive integer n. 

•Q-effective: L is said to be ^-effective if there is a positive integer n and a non-zero 
s £ H°(X,L® n ) with ||s|| sup < 1. 

•pseudo-effective: L is said to be pseudo- effective if there are (1) a sequence {L n }^ =1 of 
Q-effective C°° -hermit ian Q-line bundles, (2) C°° -hermit ian Q-line bundles Ei, . . . ,E r and 
(3) sequences {ai, n }%Li, • • • ' { a r,n}^i of rational numbers such that 

r 

ci(L) = ci(L n ) +y^ j a i!n c 1 (E i ) 

i=l 

in CH(X) <S> Q and lim^oo a^n = for all i. If L 1 ^)L 2 1 is pseudo-effective for C°°-hermitian 
Q-line bundles Li,L 2 on X, then we denote this by L\ £3 L 2 . 
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•of surface type: L is said to be of surface type if there are a morphism : X — > X' 
of projective arithmetic varieties and a C°° -hermit ian Q-line bundle L on X' such that 
dimX^ = 1 (i.e. X' is a projective arithmetic surface), L is nef and big, and that <f)*{L) = L 
in Pic(X) <g> Q. 

Here let us consider three lemmas which will be used later. 

Lemma 3.2.3. Let X be a projective arithmetic variety. Then, we have the following. 

(1) Let Li, . . . , Ldimx, Mi, . . . , M dim x be nef C°° -hermitian Q-line bundles on X . If 
Li eg Aif is pseudo- effective for every i, then 

deg (ci(Li) ■ • •c"i(L dim x)) > deg (ci(Mi) • ■•ci(M dimX )) ■ 

(2) Let V be an effective cycle of dimension I and let L\, . . . , Li, Mi, . . . , Mi be nef C°°- 
hermitian Q-line bundles on X such that, for each i, there is a non-zero global section 
Si E H°(X, Li eg Mf~ l ) with ||sj|| sup < 1. Let V = J2j a jVj be the irreducible decom- 
position as a cycle. If Si\ v . ^ for all then 

dei (ci(Ix) • ■ .ci(Z,) | V) > dei (ci(M0 ■ ■ ■c 1 (M l ) | V) . 
Proof. (1) This lemma follows from [||, Proposition 2.3] and the following formula: 

deg (ci(Li) ■ • ■c 1 (L dimX )) = deg (c^M^ ■ ■ ■ Ci(M dimX )) + 

dimX 

deg (c^Mi) ■ ■ ■ MMi-i) ■ ci(Ii <g> Mf _1 ) • ca(L i+1 ) • • • ^dimx)) ■ 

i=l 

(2) This is a consequence of (1). □ 

Lemma 3.2.4. Let X be a projective arithmetic variety and d an integer with 1 < d < 
dimX. Let X\, . . . ,X d be projective arithmetic surfaces {i.e. 2 -dimensional projective arith- 
metic varieties) and <f>i : X — > Xj (i — 1, . . . , d) surjective morphisms. Let L 1; . . . , L d be 
C°° -hermitian Q-line bundles on Xi, . . . , X d respectively with deg((Lj)<Q) > (i = 1, . . . , d), 
and let H d+ i, ■ ■ ■ ,-f^dimV be C°° -hermitian Q-line bundles on X. We set Hi = (fi*(Li) and 
H=<g) d i=1 Hi- Then, 

dei (c 1 (H)- d ■ C!(# d+1 ) ■ ■ • MHdimx)) = dlfeg (c^Hi) ■ ■ -c^Ha) ■ c x (H d+x ) ■ ■ -c^H^x)) 

deg (ci(Li)- 2 ) deg I H ^ (Hi) Q ■ (H d+1 ) Q ■ ■ ■ {H dimX )® I 
a\ ^--y \ \<i<d J 

2"^ deg((L0 Q ) ' 

Proof. First of all, 



dei (c 1 (H) d ■ c 1 {H d+1 ) ■ ■ -MHduax)) 

d\ 

oi! • •• a d \ 



= V] —r^ rdei (c^Hx)" 11 ■ ■ ■c l (Hd)- ad • ci(H d+1 ) ■ ■ -c^H^x)) . 



aiH \-a d =d 

a l>0,...,a t j>0 
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Claim 3.2.4.1. // (a 1 , . . . , a d ) ^ (1, . . . , 1) and 

C!^)" 1 ' • -MHd+l) ■ ■ MHdunX^j ± 0, 

then there are i,j G {1, . . . , d} such that ai = 2, aj = and a\ = 1 for all I ^ 

Clearly, a; < 2 for all I. Thus, there is % with Oj = 2. Suppose that aj = 2 for some j ^ 
Then, 

dei (j] cxCff,)' ' • -ciCff^O • • MH&rax) 
\/=l 

= dei(c 1 (0*(L l ))- 2 -c 1 (0*(L J ))- 2 - J] c 1 (H l )^-c 1 (H d+1 )---c 1 (H dimX ) 
Thus, using the projection formula with respect to 0j, 

deifc!^*^))' 2 -^^*^))- 2 - J] Ci^r'-ci^d+O.-.ci^d^x)) 

= c^g(c 1 (I,)- 2 )degL*(L,)^ J] • • • • (H dimX ) Vi 

V l=l,l^=i,j j 

where rji means the restriction of line bundles to the generic fiber of 4>i- Here (Xj)n 
projective curve. Thus, we can see 

deg UiLj) * ■ f[ (Hi)% ■ (H d+1 ) m ■ ■ ■ (H dimX ) v ) = 0. 

V l=l,l¥=i,3 / 

This is a contradiction. Hence, we get our claim. 
By the above claim, it is sufficient to see that 

d^U(0*(I,))- 2 - c 1 (H l )-c 1 (H d+l )---c 1 (H dimX ) 

deg (MLi)' 2 ) deg ( U m (Hi) Q ■ (H d+1 ) Q ■ ■ ■ (H dimX )i 

\ KKd 



deg((Li) Q ) 
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By the projection formula with respect to fa, 

35 ( M$(Li))' 2 ■ II c l (H l )-c l (H d+1 )---c l (H AimX ) 

( 



deg (ci(Li)' 2 ) deg 



\ 



I [ {Hi)m ' {H d+1 ) m ■■■(H i 



dim X )r]i 



\l<l<d 



Moreover, using the projection formula with respect to fa again, 
/ \ 



deg 



n ■ {n > 



d+l, 



dimX , 



\l<l<d 



( 



deg((Lj) Q ) deg 



dim X ) r)i 



\l<l<d 



J 



Thus, we get our lemma. □ 

Finally let us consider the following technical lemma. 
Lemma 3.2.5. Let <fi : Pg — - » (P^) n be the birational map given by 

(X : . . . : X ni ) » (X : X 1 ) x • • ■ x (X : X n ). 
Let S be the boundary ofF%, that is, £ = {Xq = 0}. Let B be a projective arithmetic variety 



and Hi, 



H d nef C°° -hermitian line bundles on B, where d = dimi?Q. For V G Z 



cff {Tmn 



X 



B; (Pg \ S) x B), we denote by V the strict transform ofV by <p x id : P^ x B --->• (W\) n x B 
(For the definition of Zf s (F^ x B; (Pg \ S) x B), see |(1.2)| ). Let us fix a non-negative real 
number A. Then, 



n-'deg [c 1 (p*(0-\l))y- d ■ c 1 (q*(H 1 )) ■ • -Cttf(H d )) \ V 



> deg {c x (p'\& ^(1, . . . , l))Y- d ■ c 1 (q'*(H 1 )) ■ • ■ c x {q'\H d )) \ V 

for all V G Zf(Y% x B; (Pg \S)xB), w/iere p : P^ x B -> P™ and p' : (P*) n x 5 -»• (P|) n 
(resp. q : F% x B ^ B and q' : (P^) n x B —>■ B) are the projections to the first factor (the 
second factor) . Note that in the case d = 0, we do not use the nef C°° -hermitian line bundles 
Hi, . . . , H d . 



Proof. Let Y (C Pg x 
/i : y -»• Pg and v : F -> (I 
the following: 



Dl \n 



) be the graph of the rational map 



PS 



Dl \n 



Let 



be the morphisms induced by the projections. Here we claim 



Claim 3.2.5.1. There are an effective Cartier divisor E on Y , a non-zero section s G 
H°(Y, O y (E)) and a C°° -metric \\ ■ \\ E of O y (E) such that 
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(1) div(s) = E, n(E) C E, 

(2) fi*(0 FSx (l))® n = u*(p FSx (l, . . . , 1)) ® (Oy(E), II • |U), and that 

(3) ||s|| E (x) < 1 for allxe Y(C). 

Let Yi (C P^ x P^) be the graph of the rational map PJ --■> P^ given by 

(X :---:X n )^(X :X i ). 

Let /Xj : Yi — > F% and Vi : Yi — > P^ be the morphisms induced by the projections P^ x P^ — ► Pg 
and P^ x P| — > P^ respectively. Let 7Tj : (P|) n — > P| be the projection to the i-th factor. 
Moreover, let hi : Y — > F« be the morphism induced by id X7Tj : Pg x (P^)" — > X W\. 
Consequently, we have the following commutative diagram: 



Y 




Note that Yi is the blowing-up by the ideal sheaf Ii generated by X and JQ. Thus there is 
an effective Cartier divisor E { on Yi with IiOy i = Oy x (—Ei) and /i*(Opn(l)) ® Oy x (—Ei) = 
i/*(C? P i(l)). Let be the canonical section of Yi (Ei). We choose C°°-metric || • ||j of Oy^Ei) 
with 

^(Op-(I), || • IIfsJ = ^(0^(1), || • HfsJ ® II • II,)- 

Let (T : Ti) be a coordinate of P|. Then, /J*(X ) = z/*(T ) <g> Thus, 

exp(-A)|X | = exp(-A)|T | 

which implies 

yixpp + ix^ 

v/|X | 2 + --- + |X n | 2 

because X Ti = X,{Tq. Therefore, ||sj||i(xj) < 1 for all Xi G Yi(C). We set E = Y^^Ki^i) 
and give a C°°-metric || • \\ E to O y (E) with 

(cv(^),n-iu) = ®/i:(cv ( w,ii-iii). 

Thus, if we set s = fc[(si)®- • -®/i;(s n ), then s G H°(Y : Oy(E)), div(s) = £ and \\s\\ E (x) < 1 
for all x G F(C). Moreover, we have 

»*(0 FSx (l))® n = u*(0 FSx (l, . . . , 1)) ® (Oy(E), || • |U). 
Hence we get our claim. 
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For V e Zf{¥l x B; (Pg \E)xB), let V" be the strict transform of V by y, x id : F x B -> 
Pg x 5. Let p" : F x £? — ► F and g" : F x £? — > £? be the projections to the first factor and 
the second factors respectively. Then, by using the projection formula, 



Si (^(p*(0 F V)))*- d • £(<f (#i)) • • M<f{H d )) | F 

= 3ei (w'V(0 F£ >))))"- d • wwo) • • -Mrm) I V*) . 



Moreover, by virtue of (2) of Lemma |3.2.3 



deg (c 1 (p"*( f i*(0™\n)))y- d ■ c 1 (q"* (Hi)) ■ ■ ■ Ml" (H d )) \ V" 

> dei (c^'V^a, . . . , i)m l - d ■ Mr (Hi)) ■ ■ Mq"*(H d )) I V" 

Thus, using the projection formula for v x id : F x B — > (P|) n x B, we get our lemma 
because (y x id), (V") = V. ' □ 

3.3. Polarization of a finitely generated field over Q. Let K be a finitely generated 
field over Q with d = tr. degq(K), and let B be a projective arithmetic variety such that K 
is the function field of B. Here we fix several notations. 

•polarization: A collection B = (B; Hi, . . . , H d ) of B and nef C°°-hermitian Q-line 
bundles Hi, . . . , H d on B is called a polarization of K. 

•big polarization: A polarization B = (B; Hi, . . . , H d ) is said to be big if Hi, . . . , H d 
are nef and big. 

•fine polarization: A polarization B = (B; Hi, ... , H d ) is said to be fine if there are a 
generically finite morphism fi : B' — > B of projective arithmetic varieties, and C°°-hermitian 
Q-line bundles Li, . . . , L d on B' such that Li, . . . ,L d are of surface type, fj,*(Hi) £3 for all 
i, and that Li <S> • • ■ <S> L d is nef and big. 

Let us consider the following proposition. 

Proposition 3.3.6. If a polarization B = (B; Hi, . . . , H d ) is fine, then there are generically 
finite morphisms // : B' — > B and v : B' — > (Pg) with the following property: for any real 
number X, there are positive rational numbers ai, . . . , a d such that 

for all i = 1, . . . , d, where qi : (P^) d — > P^ is the projection to the i-th factor. 

Proof. By the definition of fineness, there are a generically finite morphism /i : B' — > B of 
projective arithmetic varieties, morphisms fa : B' — > B^ {% = 1, . . . , d) of projective arithmetic 
varieties, and nef and big C^-hermitian Q-line bundles Q i on B{ {% — 1, . . . , d) such that 
BiS are arithmetic surfaces, fi*(Hi) £3 4>*(Qi) for all i, and that <j>*(Qx) <8> • • • <8> 4> d (Qd) * s ne f 
and big. Here, there are dominant rational maps ipi : Bi — -> P^ for z = 1, . . . , d. Replacing 
B' and B^s by their suitable birational models, we may assume ^'s are morphisms. Let 
v : B' — > (P^) d be a morphism given by z/(x) = (/0i(</>i(:r) ),..., i[) d ((f) d (x))) . Let us fix a 
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real number A. Then, since Q i is nef and big, there is a positive rational number a, with 
QittfQZ?*^))""- Thus, 

Finally, we need to see that v is generically finite. For this purpose, it is sufficient to see that 
<S> ■ • ■ <S> q* d {0{l))) is nef and big on B'q. Indeed, we can find a positive rational 
number a such that %fj*{0{l)) ® Qf~ a is ample over B'^ for all i. Thus, 

d / d \ / d 

(3m:{0{l))®Qf- a ) = v* ®g?(0(l)) U <g)#(Q<) 

i=l \ i=l / \ i=l 

is semiample on £?q. Thus, ® • ■ • <g) q£(0(l))) is nef and big because <pi(Qi) <8> 

• • • <8> (p* d (Qd) is nef and big. □ 




Finally we would like to give a simple sufficient condition for the fineness of a polarization. 
Let k be a number field, and Ok the ring of integer in k. Let B\, . . . ,Bi be projective and 
flat integral schemes over Ok whose generic fibers over Ok are geometrically irreducible. 
Let Ki be the function field of Bi and di the transcendence degree of Ki over k. We set 
B = B\ x Qk ■ ■ ■ x 0fc Bi and d — d\ + • • • + di. Then, the function field of B is the quotient 
field of Ki ® fc K 2 ®k ■ ■ ■ ®k Ki, which is denoted by K, and the transcendence degree of K 
over k is d. For each % (i — 1, . . . , I), let H^i, . . . , i/j,^ be nef and big C°°-hermitian Q-line 
bundles on Bi. We denote by qi the projection B — > Bi to the z-th factor. Then, we have 
the following. 

Proposition 3.3.7. A polarization B of K given by 

B = (B; qt(H 1,1), qt(Hi, dl ), • • • , 4*^,0. • • • > ^(^mJ) 
is fine. In particular, a big polarization is fine. 

Proof. Since there is a dominant rational map Bi — > (P|) 1 by virtue of Noether's 
normalization theorem, we can find a birational morphism /Xj : B\ — > 5j of projective integral 
schemes over Ok and a generically finite morphism z/j : 5 ? ' — > (¥%) d ' . We set 5' = B[ x 0k 
■ ■ ■ Xo k B[, n — in x • • • x fa and v — V\ x • • • x v\. Let L be a C°°-hermitian line bundle 
on Pg given by (Opi(l), || • \\fs)- Note that L is nef and big. Then, since fi*(Hij) is big, 
there is a positive integer a i;j with nl(H ii j)® ai j >z v* {p)(L)) (cf. [U, Proposition 2.2]), that 
is, fi*(Hij) y v* (pj (t® 1 a ^)). Thus, we get our proposition. □ 



3.4. Height functions over a finitely generated field. Let K be a finitely generated 
field over Q with d = tr. degQ(i^), and let B = (B; Hi, ... , H d ) be a polarization of K. Let 
X be a geometrically irreducible projective variety over K and L an ample line bundle on 
X. Let us take a projective integral scheme X over B and a C°°-hermitian Q-line bundle £ 
on such that X is the generic fiber of X — > B and L is equal to Lk in Pic(X) ® Q. The 
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pair (X, C) is called a model of (X, L). Then, for x G X(K), we define hf x to be 

^g{c l {Z)-Y\ d j=l c 1 {r(H j ))\/\ x ) 



h" - (r, 

n {x,c)K x > - [K(x):K] 

where A x is the Zariski closure in X of the image Spec(X) —>■ X X , and / : X — > B 
is the canonical morphism. By virtue of |5j, Corollary 3.3.5], if (X',C) is another model of 
(X, L) over B, then there is a constant C with \h? x c \(x) —h? x , c ,-j(x)\ < C for all x G X(K). 

Hence, we have the unique height function /if modulo the set of bounded functions. In the 
case where X = P^, if we set 



hnv(x) = max{-ord r (0 i )}deg (c^Hi) ■ • -c x {H d ) \ V) 



r is a prime 
divisor on B 



+ 



B( 



log (max{|<^|}) C\{Hx) A • • • A c x {H d ) 



for x = (0o : ■ • • : <f>n) G P n (K), then = /£„ + 0(1) on P n (K). 

Let B be a projective arithmetic variety with g? = dimBq. Let Hi, . . . ,H d be 
hermitian Q-line bundles of surface type on B. By its definition, for each i, there are a 
morphism 0j : B — > B^ of flat and projective integral schemes over Z and a C^-hermitian 
Q-line bundle Lj on Bi such that dim(5j)(Q = 1, Lj is nef and big, and that </>*(-£/;) = Hi in 
Pic (5) <g> Q. We set H = (g)f =1 Hi and 



Aj = exp 



deg(ci(Lj 
deg((Li), 



Let K be the function field of B. Here we consider several kinds of polarizations of K as 
follows: 

Bq — (B;H, . . . , H), 
B\ = (B; Hi, . . . , H d ), 

B%,o — (B; Hi, . . . , Hj-i, (Ob, Aj| • \ can ),Hj + i, . . . , H d ) for i 7^ j. 

Let X be a geometrically irreducible projective variety over K, and L an ample line bundle 
on X. Let (X,Z) be a model of (X, L) over B. Then, for all x G X(iT), 

(3.4.1) /f;^*) = dlh^ix) + I £ /^(*). 



Indeed, by Lemma 3.2.4, 



, , dl _ S^) 2 ) deg (Cq ■ Uti, ¥j f*<f>i(Lih ■ (A. 



(^) v ' ^ y 2 £j deg((L i ) Q )[K(x):K] 
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where / : X — > B is the canonical morphism. Moreover, 



» d 

log(Ai) / d(Z)A /\ 



(*^) v 7 [K(x) : AT] 

On the other hand, 



/ Cl (£)A f\ c 1 (tt*^(L 1 )) = deg ( L Q ■ J] rtiWQ ■ (A.)q J 



Thus, we obtain 



_ . _ deg^L,) 2 ) deg (Cq ■ nti,^ f» ; (A, 
~ deg((L,) Q )[^(a;):ir] 



Therefore, we get ( 3.4.1 



Using ( p.4.1 ), we can find a constant C such that 
(3.4.2) hf° (x) < C/if 1 ^) + 0(1) 

for all x G X(K) because there is a positive integer m such that 



for every z, j. 



Proposition 3.4.3. Let X be a geometrically irreducible projective variety over K, and L 
an ample line bundle on X. Let B and B be fine polarizations of K. Then h B x h B on 
X(K) (For the notation x, see (1.6) ). 



Proof. It is sufficient to see that there are a positive real number a and a real number 
b such that hf < ahf + b. We set B = (B;H u ...,H d ) and B' = . . . , lf d ). 



Since B is fine, by Proposition [3.3.6| , there are generically finite morphisms // : B" — > B' 



and z/ : 5" — > (P^) d of flat and projective integral schemes over Z, and nef and big C°°- 
hermitian Q-line bundles Li, . . . , L d on P| such that £3 v*(p*(Li)) for all z, where 

Pi : (P^) d — ► Pz is the projection to the z-th factor. Changing B" if necessarily, we may 
assume that there is a generically finite morphism /j, : B" — > B . 
Let us consider polarizations 

B 1 = (B'' ]f i*(H 1 ),..., f i*(H d )) and % = (B"; fi'*(H[), . . . , n'*{tf d )) 

and compare h B with h Bl (resp. h B with h Bl ). By virtue of the projection formula, we may 
assume that B = B' = B" and fi = // = id. 

We set # = i/* (®f =1 j>*(Ij)Y Then, {B;H, . . . ,H) is a big polarization. Thus, by |, (5) 

of Proposition 3.3.7], there is a positive integer &i such that 

^<6i4 B;5 '-'^ + 0(l). 
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Moreover, by Q3.4.2| ), we can find a positive constant b 2 with 

h &B,..jr) < ^wxfr^xto)) + 0(1) 

On the other hand, since £3 u*(p*(Li)) for all z, 

Hence, we get our proposition. □ 

3.5. Comparisons of norms of polynomials. Let S n = C[zi,...,z n ] be the ring of n- 
variable polynomials over C. We define norms \f\oo an d I/I2 of / = i £&»!,...,»„ ^J 1 ■ ■ ■ z % ™ G 

S„ as follows: 



l/loo = max{|a il ,„., in |} and |/| 2 = 



12 



■i^n I 



11, • --,«»! 



Moreover, the degree of / with respect to the variable Zi is denoted by degj(/). 
First of all, we have obvious inequalities: 

(3-5.1) l/U < |/| a < V(deg 1 (/) + l).--(deg B (/) + lJI/loo. 

We set 

5f .-^) = {/ G Sn I deg,(/) < rf, (V* = 1, . . . , n)}. 

Note that 

(3.5.2) dime Sjfc--'*0 = (di + 1) • • • (4 + 1). 
For /!,...,/(£ 5* n , we set 

(3.5.3) «(/!,...,/,) = exp^y log (rnax{|/;|}) Wi A • • • Aw„j , 

where uVs are the (1, 1) -forms on C n given by 

\/— lcfei A dzi 
" i = 2vr(l + |^| 2 ) 2 - 
Let us begin with the following proposition. 

Proposition 3.5.4. For fi, ■ ■ ■ , fi G Sn 1 ''"' dn \ we have the following. 

(1) max,{|/|oo} < 2^+-+ d ^(/ 1 , ...,/)■ 

(2) v(fx, ...,/)< v / 2 dl+ ^ +d V(l/i| 2 ) 2 + --- + (l//|2) 2 . 
Proof. (1) Since 



max 



f log (\fi\)u>i A ■ • ■ Alo u > < / log (max{|/j|}J u x A • • • Au n , 



(1) is a consequence of |5|, Lemma 4.1]. 
For the proof of (2), we set 

D = { z e C I < \z\ < 1} and ©1 = {z G C | 1 < |z|}. 
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A • • • A UJ n . 



Then, 

/ log (max{|/i|}) U! A • • • Au n = V / log (max{|/;|} ) u x 

For e = (ei, . . . , e n ) G {0, 1}™, let us consider a holomorphic map 

(p e : D x • • • x D -> D ei x • • • x D en 

given by tp t { z i, ■ ■ ■ , z n) = { z \ ei \ ■ ■ ■ , Zn^), where i : {0, 1} — > { — 1, 1} is a map given by 
6(0) = 1 and = —1. Then, since </?* (c^i A • ■ ■ A oo n ) — oj\ A • • • A u; n , 



A • • • A uj n 



/ log (max{|/i|}J u) x 

log (max{|/^ (ei) ,...,<< 



Ol>i A ■ ■ • A uj Ti 



Here we can find / i>e G Sji 1 '"^ such that 

f / _t(e„)\ _ A^l' • • • > Z ") 

and \fi\ 2 = |/ ij£ | 2 . Note that 

log(2) 



/ log(\z i \)u 1 A---Aw n = 



2 n 



A LOr, 



for all i. Therefore, 

/ log (|max{|/i|}|) A---Au n 

il) fl x-xD e „ V * ' 

= / log (max{|/i ie |}j cji A--- At^-V/^ / log(|zj|)wi A • • • 
J K V 1 J i=l J °o 

f lo (21 n 

= / log (max{|/ i>e |}) wi A ■ ■ ■ A u„ + V/iCAV 

v 4 7 2 i= i 

Thus, we have 

log (max{|/ i |}) wi A • • • A w n 

= V / log(max{|/ ije |})wi A---Acj„ + log(v / 2)(rfi + --- + rf n ). 



ee{0,i}« " "o 
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Hence, by the lemma below (Lemma |3.5.5| ), we can conclude 

log (v / (l/l| 2 ) 2 + --- + (|/d2) 2 ) 



J log (max{|/ 4 |}) u x A • • ■ A u n < ^ 



2 n 

ee{o,i} n 

+ log(v / 2)(rfi + --- + d„) 

= log ( V / (IA| 2 ) 2 + --- + (|/d2) 2 ) + log(^)(di + • • • + d n ). 

□ 

Lemma 3.5.5. For all f\,...,fi G S n , 

exp ^ log (mflx{|/i|}) (2^0 A • ■ ■ A (2u n ) \ < Vd/ib) 2 + ■ ■ ■ + {\f1\2) 2 . 

Proof. Let us begin with the following sublemma: 

Sublemma 3.5.6. Let M be a differential manifold and Q a volume form on M with j M Q = 
1. Let ip : K — > K 6e a C°° -function with ip" > 0. Let u be a real valued function on M . If 
u and f(u) are integrable on M, then ip (j M uft) < f M ip(u)Q. 

Proof. We set c = J M ufl. Since the second derivative of cp is non-negative, we can see 

(x — c)<f'(c) < <p(x) — ip(c) 

for all x £ R. Therefore, we get 

/ {u-c)(p'{c)n< [ {(p{u) - (p(c))Q. 

JM JM 

On the other hand, the left hand side of the above inequality is zero, and the right hand side 
is f M ip(u)Q — ip(c). Thus, we have our desired inequality. □ 

Let us go back to the proof of Lemma [3.5.5| . Applying the above lemma to the case 
<p = exp, 

exp f f log (max{\f\ 2 }) {2oo x ) A ■ • ■ A (2w n ) J < / max {\f\ 2 } (2^) A ■ ■ ■ A {2uo n ) 
\Jo n J Jo n % 

< [ V 1/^(2^) A---A(2u; n ) 

We set f = E ei ,..., en c&L.onZ? • • for all z. Then 

V / |/i| 2 (2^i) A • ■ ■ A (2co n ) = 

i M 

E E °L. fl !i e' / ^^•••<^„ e "(2^ 1 )A---A(2^,). 

, » 1 n Jo™ 
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It is easy to see that 

/ z\H x < ■ ■ ■ z^z< (2^) A • • • A (2uj n ) = 
Jo™ 

if (ei, . . . , e n ) ^ (ei, . . . , e' n ). Moreover, 

/ \z 1 \ 2ei ---\z n \ 2e »(2u 1 )A---A(2u n ) = ( [ Iz^^) ■ ■ ■ ( [ \z n \ 2e "2cu. 
Thus, it is sufficient to see that 



,,. \/—ldz A dz 

< 1 



7T(1 + 1-2 

for all e > 0. We set z = r exp(\/^T0), then 



2\2 



|2e 



Id* Ad* f 1 4r 2e+1 , Z" 1 2t e , 

dr = - —rndt 



1 1 tt(1 + |^| 2 ) 2 J (1 + r 2 ) 2 J (t + 1) 2 
If e = 0, then the above integral is 1. Further if e > 1, then 



f l 2t e 
Jo ¥+1 



r 2 

-^dt < / 2t e dt = < 1. 

) 2 Jo e+l 



□ 



Next let us consider the following proposition. 
Proposition 3.5.7. For f,g G C[zi, . . . ,z n ], 

n 

1/ • g\oo < |/|oo • Moo • + min { d egi(/), degite)}). 

Proof. For 7 G (Z> ) n , the i-th entry of 7 is denoted by A partial order '<' on 

(Z> ) n is defined as follows: 

I < J 44 I{%) < J(i) for alH = 1, . . . , n 

Moreover, for 7 G Z> , the monomial z[^ ■ ■ ■ z 1 ^ is denoted by z 1 . 
Let us fix two non-zero polynomials 

/ = ajz 1 and g = bjz 1 . 

ie(z> ) n ie(z> ) n 

We set h = (deg^/), . . . , deg n (/)), 7 2 = (deg^), . . . , deg n (#)) and 

n 

d = JJ(1 + minfdeg^/), deg^)}). 

First, we note that, for a fixed 7 G Z> , 

#{( J, J') G Z> x Z> | J + J' = 7, J < 7i and J' < J 2 } < d. 



32 



ATSUSHI MORIWAKI 



On the other hand, 



^2 ajbj 

j+j'=i , 
\j<h,j'<i 2 ) 



Thus, 



1/ • fi'U < max < ^ \ a jbj'\ > < max < ^ |/| 

oo \9 |oo oo M 



J+J'=I 
J<h,J'<h 



J+J'=I 
J<h,J'<h 



□ 



For / e C[^i, . . . ,z n ], we denote by lcj(/) the coefficient of the highest terms of / as a 
polynomial of Zj, that is, if we set 

/ = a n Zi H h a (a» G C[zi, . . . , . . . , z n ], a n 7^ 0), 

then lcj(/) = a n . Note that lcj(0) = and lcj : C[z±, . . . , z n ] C[zi, . . . , Zi-±, Zi+i, . . . ,z n ]. 
For an element a of the n-th symmetric group & n , we set 

lc a (f) = lc CT(n) • • •lc CT (i)(/). 

Then we have the following proposition. 

Proposition 3.5.8. For a non-zero f G C[z±, . . . , z n \, 

[ logd/IV: A • • • A cu n > max{log(| 



/ 



In particular, if f e 1>[z\, . . . , z n ], then 

log(|/|)wiA.--Aw n >0. 
Proof. Changing the order of variables, it is sufficient to see that 
/ logd/D^! A-- - Aw„ > log(| lev lci(/)|). 
We prove this by induction on n. First we assume n = 1. Then, for / = a(z — c\) ■ • • (z — q), 

/ log(|/|)wi = log|a| + ^^log(l + |q| 2 ) > log|a|. 
^ c i=i 
Next we consider a general n. By the hypothesis of induction, we can see that 

/ log(|/|)wiA---Aw n _i >log|lc n _ 1 ---lci(/)| 

as a function with respect to z n . Thus, 

/ log(|/|)o;i A • • • /\u n > / log|lc n _i---lci(/)|w n >log|lc n ---lci(/)|. 
Jc n Jc 



□ 
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4. The number of arithmetic divisors 

Here let us consider several problems concerning the number of arithmetic divisors with 
bounded arithmetic degree. 

Proposition 4.1. Let p { : (P^) n — > P^ be the projection to the i-th factor. Let us fix a 
positive real number A, a subset I of {1, ... ,1} and a function a : I — > Z> . For a divisor D 
on (P*) n ; we set 

h{D) = teg(cM(0 FS \l))) ■ ■ -MfniO^m I D). 

Then, there is a constant C(X, a) depending only on A and a : I — > Z such that 

Zf((¥\) n ) | S X {D) < h and de gi (D) < a{i) for all % e /} < exp (C(A, a)h n+l -* {1) ) 

for h 0. (Note that in the case where I — 0, no condition on deg 1 (D), . . . ,deg n (D) is 
posed.) 

Proof. Fix a basis {X u Yi} of #°(P|, (9(1)) of the i-th factor of (P|) n . We denote by 
Z[Xl, Fi, . . . , X n , y n ]( fc iv,fcn) se j- f homogeneous polynomials of multi-degree (k±, . . . , k n ). 
Then, 

H° \ K) n ,®P*{0{h)) \ = Z[X l ,Y 1 ,...,X n ,Y n f^ k "\ 



i=l 



Let D be an effective divisor on (P^) n with degj(-D) = ki (i — 1, . . . , n). Then there is 

PeZ[X 1 ,Y l ,...,X n ,Y n f^ k ^\{0} 
with div(P) = D. Let us evaluate 



in terms of P, namely, 

(A + l/2)(fci + • • • + k n ) = S X (D) - [ log ||P||fs ^i A • • • A u n , 

J(pi)" 

where Ui = p*(ci(0 (1))) [i — 1, . . . , n). We set p(xi, . . . , x n ) = P(xi, 1, . . . , x n , 1). Then, 

iipii bl 

" " FS0 (l+X^/ 2 ---(l+z2)W2' 



Note that 

/ log ((1 + x\)^ ■•.(! + xlf^) A • • • A u n = J2 % 

Thus, 

(4.1.1) f \og\p\u 1 A---Au n = 5 x (D)-\(k 1 + --- + k n ). 
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On the other hand, by Proposition |3.5.4| , 

log (Ploo = log Ipl^ < log(2)(deg 1 (p) + • ■ ■ + deg n (p)) + / log \p\u 1 A ■ • ■ A uj ti 

7(pi)n 

< log(2)(/c 1 + --- + k n )+ log \p\u-i A • • • A u n . 

J(Pl) n 



Thus, 

(4.1.2) log |PU < 5 A (£>) + (An + ■ • • + fc n )(log2 - A). 
We assume that 5\(D) < h. Then, since 

log A-'Aw n >0, 

(pi)« 
by dTD, 

(4.1.3) fcjH Vk n <h/\. 

Moreover, using (14.1.21) , if A < log 2, then 

log \P\oo <h + (h + --- + fc n )(log2 - A) < h+ j(\og2 - A) = 
Thus, if we set 

fexp(/ilog2/A) ifO<A<log2 
|exp(/i) if A > log 2, 

then 

(4.1.4) \P\oo<9(h,\). 
Therefore, 

#{P g z[x 1; n, • • • , X n , y B ]<*.-..,*») \ {0 } | 5 A (div(P)) < /»} < (2^, A) + if^-^+D 

Hence if we set 

N a (h) = #{P G Zf ((P^) n ) I 5a(^D) < & and de & (P) < a(i) for all i G /}, 



g(h,X) 



then we can see 



N a (h)< (2<?(M) + 1) 



(fci+i)-(fc„+i) 



fci+--+fc n </i/A 
ki<a(i)(\/iel) 



,(VA+l)"-#«n i6 /(««+l) 



< (va + i)^ #w nwo + x ) (^(^ a ) + i) (,v ^ " ■ ' uien 

Note that in the case where 7 = 0, the number nie/( a (*) + -0 ^ n ^ ne a b° ve inequality is 
treated as 1. Thus, we get our lemma. □ 
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Proposition 4.2. Let us fix a positive real number X. For a divisor D on (P|) n , we set 

6 X (D) = teiiMpltO^m ■ ■ -MP*n(0 FSx m I D), 

where Pi : (P^) n — > P^ is the projection to the i-th factor. Let X\, . . . ,x s be closed points of 
(P^) n . Then, we have the following: 

m limgu log#{£ G Div eff ((P^)") | 5\(D) < h and Xj £ SuppQD) for all 1} 

(2) We assume n > 1. Then 

log#{£> G Divg^QPj)") | S X (D) < h and x, <£ Supp(D) for all i] 

11111 oLlU . , „ ^ U« 

u h n+1 

where Div^ 1 ((P^)' 1 ) is the set of all effective divisors on (P^) n generated by prime 
divisors flat over 7L. 

Proof. Let us fix a coordinate {Xj, Yj} of the i-th factor of (P^) n . Then, note that 

fl°((Pir,<g)p:(o(fci))) =z[x 11 Y 1 ,...,x n ,Y n ). 

fel>0,...,fe„>Q \ i=l / 

We set Z = 4 [7* #(«(a*)). Then, Z = in «(ac<) for all i. Since if = (g)" =1 p*{0{\)) is ample, 
there is a positive integer fco with H 1 ((F%) n , H® k ° ® m Xl <g> ■ ■ ■ <g> m^) = 0, where is the 
maximal ideal at X{. Thus, the homomorphism 

s 

H°((Fl) n ,H® ko ) -> Jf 0feo <g> refo) 
i=i 

is surjective. Hence, there is P G H°((F%) n , H® k °) with Po(xi) ^ for all i. Clearly, we 
may assume that Pq is primitive as a polynomial in Zi[Xx, Yi, ■ ■ ■ , X n , Y n }. 

For m > 1 and Q G #°((P^) n , #® mfc o) ; we set a m (Q) = P^+IQ. Note that a m (Q)(xi) ^ 
for all i. Thus, we get a map 

m : H°((F l z ) n ,H® mk °) ^{De Div cff ((pi)") | x t £ Supp(D) for all i} 

given by 4> m {Q) = div(a m (Q)). Here we claim that <j> m is injective. Indeed, if 4>m{Q) — 
<j> m {Q'), then a m (Q) = a m (Q') or a m (Q) = -a m (Q'). Clearly, if a m (Q) = a m (Q'), then 
Q = Q', so that we assume a m (Q) = —a m (Q'). Then P™ = 2Yliifc{ K ( x i)){Q + Q')- Since 
Pq is primitive, so is Pq" 1 . This is a contradiction. 

We set d = (1 + k ) n . Let us choose a positive number c with 

c > max{log(2cZ|P |oo), (A + l)k n} . 

Claim 4.2.1. // (QU < ex P( cm ) > ^en 6 x {<t> m {Q)) < 2cm. 

We setpo = Ppjx i, l,...,x n , 1) and q = Q(xi, 1, . . . ,x n , 1). Then a m (Q)(x 1 , 1, . . . ,x n , 1) = 
p™ + Zg. By ([Lip , 

8\{<t> m {Q)) = Xk mn + / log |p™ + Zg|wi A • • • A u n . 
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Thus, using (2) of Proposition |3.5.4| , 

SxiMQ)) < ^omn + log 2 + \ + log K + kU 

< (A + l)k nm + log |p™ + ZgU 
On the other hand, using Lemma |3.5.7| and exp(c) > 2c?|p | oo , 

K + k\oo < d m ~ l \ Po \Z + Moo < (d\p u m + /|QU < (d\ Po u m + exp( f m) 



exp cm exp cm 

< — — H ^ < exp(cm). 

— 2 m 2 — 

Therefore, since c > (A + 1) A; n, we have 

$\{4>m(Q)) < (A + l)k Q nm + cm < cm + cm = 2cm. 

Let us go back to the proof of our proposition. Since H° ((P|) n , (S)"=i Pi (O(Awn)) is a f ree 
abelian group of rank (1 + k m) n , 



#{QeH°[(Flr<g)p*(O(k m) 

i=l 



"lOI»<=f=4=|i + * 



> l 



exp (cm J 
21 

exp (cm) 



(l+feom) 



(l+fcom)" 



> 



2/ 

/ \\ (l+fc m) n 

exp (cm) x 
2~T 



Therefore, by the above claim, 

log#{D G Div cff ((P^) n ) | 5 X (D) < 2cm and ar< £ Supp(L>) for all 2} 

> (l + A;om) n (cm-log(2/)). 

Thus, we get (1). 

From now, we assume n > 0. We denote by T>(h) (resp. T>^ Q \(h)) the set 
{D G Div cfr ((P^) n ) | 5\(D) < h and Xi & Supp(£>) for all i} 

(resp. {D G Div^ 1 ((P^) n ) | 6 X (D) < h and x { <£ Supp(D) for all z}) . 

For D G T>(h), let .D = Z\ i + D vei be the unique decomposition such that D^i is horizontal 
over Z and _D ver is vertical over Z. Note that 5\(D) = 5\(D ho \) + 5\(D ver ), 5\(D ho \) > and 
6\(D yer ) > 0. Thus, 5\(Dho\) < h and ^(-Dvcr) < h. Therefore, we have a map 

(3 h : -> V hol (h) 

given by f3h{D) = D ho \. Since (3h{D) = D for D G X>h i(^<)> is surjective. Here let us 
consider a fiber P^ X (D) for .D G 2\ i(/i)- First of all, an element D' G ^^(D) has a form 

D' = D + div(n) (nGZ\ {(]}). 
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Since 5\(div(ri)) = log |n| < h, we can see that j^(3^ l (D) < exp(/i). Thus, 

Dev hol (h) Dev hol (h) 

Hence, we get 

] T SUP >a 

□ 



Remark 4.3. In Proposition gj, we set H = (g)" =1 K (!))■ Then > 

using Lemma 13.2.41 

we can see 

Moreover, using Lemma |3.5.8| and Q4.1.1Q , 

re 

A^de gi (D)<5 A (D). 

i=l 

Thus, 

Hence, Proposition ^72| implies that if n > 1, then 

log#{D G Div£((P£)") | d^p) < h and Supp(£>) for all i} 
hmsup > 0. 

5. The arithmetic case 

5.1. Arithmetic cycles on the products of P|. Here let us consider the number of cycles 
on Let us begin with the following lemma. 

Lemma 5.1.1. Let f : X — > S and g : Y — > S be morphisms of projective arithmetic 
varieties. We assume that S is of dimension I > 1. Let Ai,...,Ai be nef C 00 -hermitian 
line bundles on X , Bi, . . . ,Bi nef C°° -hermitian line bundles on Y , and C%, . . . ,Ci nef C°°- 
hermitian line bundles on S such that A4 ® /^(Cj)® -1 and Bi <S) g*(Cj)® _1 are nef for all 
i and that deg (ci(Ci) • • -Ci(Ci)) > 0. Let p : X x s Y — > X and q : X x s Y — > Y be the 
projections to the first factor and the second factor respectively. Fix D £ Zf s (X/S) and 
E e Zf(Y/S) (for the definition ofZf(X/S) and Zf(Y/S), see [[T2J). Then, 

log (# {V E Zf(X x s Y/S) I p*(V) = D and q.(V) = E}) 

d5(ci(Ai) • • -c^A) I D)deg(ci(Si) • ■■c 1 {B l ) \ E) 



< min 



deg {c 1 (C 1 )---c 1 (C l )Y 



9(D)9(E)deg(c 1 (A 1 ) ■ ■ -c^Ai) I D)deg(c 1 (B 1 ) ■ ■ -c^B,) | E) 



deg ^(^...ciCC,)) 

where9(D) [resp. 9(E)) is the number of irreducible components of 'Supp(-D) (resp. Supp(i?)). 
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Proof. We set D = Yli=i a i^i an d E = Y^j=i fyEj. Then, 
(5.1.1.1) deg(ci(3i) ■ ■ -ci(li) | D) = ^a^ci^i) • ■■c x (A l ) | A 



> ^a i deg(c 1 (r(C' 1 )) • ■ -?i(r(C0) | A) 

s 

= ^a i deg(A - SOde^CO ■ ■ -ci(C,)))- 



In the same way, 



(5.1.1.2) deg(ci(fli) ■ ■ -Ci(B,) | £) > ^ deg(A - ^de^d) ■ • -ciCC))- 



Thus, in the same way as in Lemma 2.2.2, we have our assertion. □ 



Proposition 5.1.2. Let us fix a positive real number A. Letpi : (P^) n — » P^ &e £/ie projection 
to the i-th factor. We setH X = ®^ =1 P*(0 FSa (1)). For 1 < / < n, we denote fey Z^ ol ((P*) n ) 
te,e set o/ a// effective cycles on (P^) n generated by I -dimensional integral closed subschemes 
of (Pg) n which dominate Spec(Z) by the canonical morphism (P^) n — > Spec(Z). Then, there 
is a constant C such that 

*{V G ^L((Pz)") I 55^00 < /*} < exp(C • ^ +1 ) 

/or all h > 1 . 

Proof. We set S = {J | J C [n], #(/) = / — 1}. Then, it is easy to see that 



where pj is the morphism given in |(1.4)| . Thus, it is sufficient to show that there is a constant 
C such that 

#{v g ^ cff ((p^r - (p^- 1 ) i < m < exp(c ■ 

for all > 1. By re-ordering the coordinate of (P^) n , we may assume that I — [I — 1]. We 
denote P[i-i] by p. We set 

Let us see that is a counting system. First we define h n :T n — > M> to be 

/i n (K) = dei^(V). 

Let a n : (P^) n (Pz) n_1 and 6 n : (P^) n (P^) 1 be the morphisms given by a n = p [n _ X ] 
and 6 n = P[/-i]u{n}- Then, we have maps a n : T n — > T n _i and /3 n : T n — > Ti defined by 
ct n {V) = (a„)*(V r ) and (3 n (V) = {b n )*(V). Here, it is easy to see that 

K-i{a n {V)) < h n {V) and ht(j3 n (V)) < h n (V) 



ej 

and 
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for all V G T n . Moreover, by Lemma [5.1.1| , if we set 

d5 {ci{® l r} lP *{0 ¥Sx {!)))) on (P^" 1 if I > 2 
deg(ci(Z, exp(— A)| • |)) on Spec(Z) if / = 1 

. . . f s ■ t 

A{s, t) = exp 

V e« 

then 

#{s G T n | a n (x) = y,f3 n (x) = z) < A(h n -i(y),hi(z)) 
for all y G T n _i and z G TJ. Further, by Proposition [4.1| , if we set 

B(h) = exp(C" ■ h l+1 ) 

for some constant C" , then 

{x G Ti | < /i} < 

for all h > 1. Thus, we can see that {T n }^L z is a counting system. Therefore, by virtue of 
Lemma |2.1.1| , we get our proposition. □ 

Proposition 5.1.3. Let Zi^ cr ((F%) n ) be the set of effective cycles on (P^)™" generated by l- 
dimensional integral subschemes which are not flat over Z. Then, there is a constant B(n, I) 
depending only on n and I such that 

#{V G Zf VCT ((Fl) n ) | tei m ,..,i)(V) <h}< exp (B(n,l)h l+1 ) 

for h > 1 . 

Proof. For simplicity, we denote (P^)™ and 0(1, •••,!) by X and H respectively. Let 
n : X — > Spec(Z) be the canonical morphism. Let A; be a positive integer and k = YliPT the 
prime decomposition of k. We set X Pi = 7r _1 ([pi]). Then, 

#{VeZ?* ei (x) \te g7T (V) = log(k)} 

= II e Z f™(X) I *(Vi) = and deg H|x (V.) = a,}. 



Let C"(n, /) be a constant as in Proposition |2.2.3| . We set C"(n, I) = max{C"(n, I), 1/ log(2)}. 
Note that C"(n, I) log(p) > 1 for all primes p. Thus, 



log#{V G Zf VCI (X) | deg^(F) = log(fc)} < ^C"(n,0log(p. 

i 



.1+1 



C"(n,l) l+1 \og(k) l+> 
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Therefore, 

[exp(h)] 

#{V G Zf vcv (X) | de glT (V) <h}< J2 #i V e Z i%{X) | deg F (V) = log(fc)} 

fc=i 

[exp(ft)] 

< ^ exp (C"(n, \og{k) l+1 ) 
fc=i 

<exp(/i)-exp (C"(n, l) l+l h l+l ) 
= exp(C"(n,l) l+1 h l+1 + h) 
Thus, we get the proposition. □ 
By using Proposition [5 . 1 . 2| and Proposition |5.1.3| , we have the following: 

Theorem 5.1.4. For all non-negative integers I and n with < I < n, there is a constant 
C such that 



#{V G Zf((Fl) n ) | deg^(y) <h}< exp(Ch l+1 ] 



for all h > 1 . 



As a variant of Proposition |5.1.2| , we have the following: 

Proposition 5.1.5. Let us fix a positive real number A. Let n and d be non-negative integers 
with n > d+ 1. Let p [d] : (P^) n -> (W\) d be the morphism as in [(l~4]1 . Let p { : (P|) n -> P^ 
fee the projection to the i-th factor. For an integer I with d + 1 < / < n, we denote by 
Zf s \{¥\) n j (F%) d ) the set of all effective cycles on (Pg) n generated by I -dimensional integral 
closed subschemes of (Pg) n which dominate (P^) d by pwj. We set 



deg [d] (y) 



asfe ((8)r =1 Pi(o FSA (i)))'^-n,tici(p*(o FSA (i)))i^ <fd> i 

d^g (<8)r =1 K(0 FSA (l)))" I Vj ifd = 



for V G Zf ff ((P|) n /(P|) d ). Let fee the function field of (W\) d . For V G Zf((W\) n /(Wl) d ), 
we denote by &eg K {V) the degree ofV in the generic fiber of ti : (P^) n — * (Pz) d res P ec t 
to F n~d(l, . . . , 1). Then, for a fixed k, there is a constant C such that 

#{V G Zf((P^)7(P^) | de^y) < h and deg^F) < fc} < exp(C/i d+1 ) 
/or all h > 1 . 

Proof. We set 

E = {J|[d|C/C[n],#(/) = /-l}. 

Then, it is easy to see that 

Thus, it is sufficient to see that, for each /, there is a constant C such that 

#{V G ^((P*)" *4 (pi)'- 1 ) | feg n (V) < h and deg K (F) < k} < exp(C • 
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for all h > 1. By changing the coordinate, we may assume that I — [I — 1]. Here we denote 
Pi by p. For n > I, we set 

T n = {V G Zf((Flr ± (P^- 1 ) I deg K (V) < k}. 

Let a n : (P^) n — » (Pz) n 1 an d &n : (^z)™ ~^ C^zY morphisms given by a n = P[ n -i] and 
b n = P[i-i} U {n}- Then, since 

(a n )^(0 pr ,-!(!, . . . , 1)) ® p;(0(l))jf = OpjpiCl, • . • , 1) 

and 

n-l 

(b n )* K (O r i- d (l, . . . , 1)) ® (g)p*(0(l))* = 0^(1, . . . , 1), 

we have maps a n : T n — >■ T n _ x and (3 n : T n — > 7} given by a n (V) = (a n ) J „(V A ) and /3 n (^0 = 
(&n)*00. Moreover, we set 

fcn(V)=d5 M (V). 
for V G T n . Then, it is easy to see that 

K-M n {V))<h n {V) and ht(j3 n (V)) < h n {V) 

for all V G T n . Note that 

> deg K {V) > 9{V) = the number of irreducible components of V. 

Thus, by Lemma |5.1.1| , if we set 

dei U (dp:(^(l)))' W nt^i(Pl(^(l)))) on (Pi)'- 1 if I > 2 and d > 1 

dei fci (®tiPi(^ FSA ( 1 ))) J on (P*)^ 1 if Z > 2 and d = 

k deg(ci(Z, exp(— A)| ■ |)) on Spec(Z) if I = 1 

and 



e i = < 



fcvs • t 

A(s,t) = — , 

ei 

then 

#{a; G T n | a n (x) = y, (3 n (x) = z} < A(h n (x), hi(y)) 
for all x G T n ~i and y G TJ. Further, in the case where n — I, 

deg K (V) = deg d+1 (V) + --- + deg n (V). 
Therefore, by Proposition |4.1| , there is a constant C" such that 

#{x G ^ | < h} < exp{C" ■ h d+1 ) 
for all h > 1. Hence, by Lemma |2.1.1| , there is a constant C" such that 

#{x G T n | h n (V) <h}< exp(C ■ h d+1 ) 
for all h > 1. Thus, we get our assertion. □ 



42 



ATSUSHI MORIWAKI 



5.2. Upper estimate of cycles with bounded arithmetic degree. Here let us consider 
the following theorem, which is one of the main results of this paper. 

Theorem 5.2.1. Let us fix a positive real number A. For all non-negative integers I with 
< I < dimX, there is a constant C such that 

#{V E Zf(F%) | d^ PSA(1) (V) <h}< exp(Ch l+1 ) 

for all h > 1 . 

Proof. Let us consider the birational map <fi : PJ -- 



given by 



{X : • • • : X n ) » (X : X x ) x • • • x (X : X n ). 



We set U = ¥1 \ {X = 0}. For V E Zf tt (P g; U) we denote by V the strict t ransfo rm of 
V by cf) (for the definition of Zf s (F%; U), see |(1.2)|) . Then, by applying Lemma |3.2.5| in the 
case B = Spec(Z), 



n 



z deg^Ps A (V) > deg^Fs A (\/'). 



v(l) V I — bQ x (\ 

Moreover, if V{ = V 2 ' for V x , V 2 E Zf(F$ q ; U), then V 1 = V 2 . Therefore, 
(5.2.1.1) 



#{V E Zf{¥l- 



U)\deg^s X{1) (V)<h}<#{V'EZ? 



eff//TD)l \n\ 



de % FS A (w) (0<^}- 



On the other hand, since Pg \ U ~ P 

'off /m>n 



n—1 



(5.2.1.2) #{V E Z?(Fl) | deg^s X{1) (V) < h} 

< #{V E Zf(F n z ; U) | dei^s (V) < h} • #{V E Zf^ 1 ) | de^ FS (V) < h} 



Thus, using ( |5.2.1.1| ), ( |5.2.1.2| ), Theorem |5.1.4| and the hypothesis of induction, we have our 
theorem. □ 



Corollary 5.2.2. Let X be a projective arithmetic variety and H an ample C°° -hermitian 
line bundle on X . For all non-negative integers I with < I < dimX, there is a constant C 
such that 



#{K E Zf(X) | de g7T (V) <h}< exp(C^ +i ) 



for all h > 1 . 



Proof. Since X is projective over Z, there is an embedding i : X <— * P^ over Z. We fix a 

positive real number A. Then, there is a positive integer a such that H® a Cg> l*(0 a ( — 1)) is 
ample. Thus, 



a l degjj(V) > deg t , ( ^Fs A(1)) (y) 



for all V E Z\ ,(X). Thus, our assertion follows from Theorem |5.2.' 



□ 
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5.3. Lower bound of the number of arithmetic cycles with bounded degree. Here 
we consider the lower bound of the number of cycles. 

Theorem 5.3.1. Let X be a projective arithmetic variety and H an ample C°° -hermitian 
line bundle on X . Then, for < I < dim X , 

]pg#{V € Zf(X) \ dj-niV) < h} ^ 

hmsup -j— > 0. 

h—>oo il 

Moreover, if < I < dimX, then 

log#{FG^ ol (X)|deiif(^)<M . 
hmsup — > (J. 

h— »oo " 

Proof. Choose a closed integral subscheme Y of X such that dim Y = I + 1 and Y is flat 
over Z. First, we assume that I = 0. Then, the canonical morphism it : Y — > Spec(Z) is 
finite. For n G Z \ {0}, 

deg(7r*(div(n))) = deg(7r)deg(div(n)) = deg(7r) log \n\. 

Thus, 

#{V G Zf{Y) | deg(V) <h}> #{7r*(div(n)) | n G Z \ {0} and deg(vr) log \n\ < h}. 
Note that 

7r*(div(n)) = 7r*(div(n')) => div(n) = div(n') => n = ±n . 

Thus, 

#{7r*(div(n)) | n G Z \ {0} and deg(7r) log \n\ <h}= [exp(h/ deg(7r))] . 

Therefore, 

log#{V eZf(X)\d^(V)<h} ^ 
hm sup > 0. 

From now on, we assume that I > 0. Since 

#{D G DivfiCK) | de^(L>) < /»} C #{V G Z^ ol (X) | chg^V) < h}, 

we may assume that dimX = 1+1. 

Let us take a birational morphism \i : X' — > X of projective arithmetic varieties such 
that there is a generically finite morphism 2/ : X' — > (P|) n , where n = dimXQ. We set 

A = &)™ =1 P*{0 A (l)) on (P^) n f° r some positive real number A. Let us choose a positive 
rational number a such that there is a non-zero section s G H°(X', v*(A)® a <g) //(/f)® -1 ) 
with || s || S up < 1- Let Xo be a Zariski open set of X such that /1 is an isomorphism over Xq. 
Moreover, let B be the non-flat locus of v. Let 

(X' \ fi~\X )) U Supp(div(s)) UB = ZiU-'-UZr 

be the irreducible decomposition. Choose a closed point Zi of Z; \ Uj^i %j f° r eacn Then, 
by Proposition |4.2| and Remark [4.3|, 



limgu log#{^ / G Div^((P^)") I deg^DQ < h and v( Zi ) <jt SuppLDQ for all Q 

lHlSUp Jjn+l 

a— >oo " 
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Let D' be an element of Div^ 1 ((P|)") with u(zi) G" Supp(/}') for all i. First, we claim 
that u*(D') is horizontal over Z. Assume the contrary, that is, u*(D') contains a vertical 
irreducible component T. Then, z/*(T) = 0, which implies r C B. Thus, there is z\ with 
Z{ G r. Hence, 

Zl e Supp(z/*p')) = ^(Suppp')), 

which contradicts the assumption v(xj) $ Supp(D'). 
By the above claim, we can consider a map 

4> '■ {D' G D< 1 ((P^)") | !/(*) Supp(D) for all - Divfipf) 

given by <p{D') = [i*(y* (D 1 )) . Here we claim that is injective. We assume that (j){D'^) = 
4>(D' 2 ). Since G" Supp(z/*(.D^)) for e = 1,2 and all i, no component of v*(D' e ) is contained 
in X' \ At _1 (X ). Thus, we have = ^*Pa)- Hence 

deg(u)D[ = v*(v*(D[)) = Mu*(D' 2 )) = deg(u)D' 2 . 

Therefore, D[ = D' 2 . 

Let D' be an element of Div^j((P^) n ) with v(zi) G" Supp(D') for all i. Since no component 
of u*(D') is contained in Supp(div(s)), we can see 

de^(0p')) = deJ^^Kp')) < d^ v ^ a (p*(D f )) 

= a n deg v *(j^(u*(D')) = a n deg(u)^(D') . 

Thus 

#{£>' G Div£((P£) n ) I deg-j(D') < h and ufa) Supp(D) for all z} 

< #{D G D<!(X) | dei^D) < deg(z/)a^}. 
Therefore, we get our theorem. □ 



6. The arithmetic case with bounded geometric degree 

6.1. Northcott's type in the arithmetic case. The purpose of this subsection is to prove 
the following theorem, which is a kind of refined Northcott's theorem. 

Theorem 6.1.1. Let f : X —> B be a morphism of projective arithmetic varieties. Let K 
be the function field of B. Let Hi, . . . , Hd be a fine polarization of B, where d = dimi?Q. 
Let L be a nef C°° -hermitian line bundle on X such that L^ is ample. For an integer I 
with d + 1 < I < dimX, as in |(1.2)| , let Zf s (X/B) be the set of effective cycles on X 



generated by integral closed l-dimensional subschemes V on X with f(T) = B. We denote 
by Zf(X/B, k, h) the set of effective cycle V G Zf(X/B) with 

dei {c 1 (L) 4 - d ■ c 1 (f*(H 1 )) ■ ■ MriHd)) -V)<h and deg^^ 1 ■ V K ) < k. 
Then, for a fixed k, there is a constant C such that 

#Zf{X/B, k, h) < exp{Ch d+1 ) 



for all h > 1 . 
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Proof. First, let us consider a case where X = F% x% B, f is the natural projection 
X — > B and L = p*(0 ¥ n (1)), where p : X — > is the natural projection. Since the 
polarization H±, . . . , Hd is fine, by Proposition |3.3.6| , there are generically finite morphisms 
fj, : B' — > B and v : B' — > (P^) d of projective arithmetic varieties, and positive rational 
numbers ai,...,a,d such that fi*(Hi) ^ u* {r*(0^ (ai))) for all i, where r { : (Pg) d — > P^ is 
the projection to the z-th factor. 

B «-*^— B' — ^ (Pi) d — ^ pi 

We set X' = Pg x z £?', 5" = (P|) d and X" = Pg x z 5". Let p 7 : X' -»■ Pg and p" : X" -»■ P^ 
be the projections to the first factor and f : X' —* B' and /" : X" — > 5" the projections to 
the last factor. Here we claim the following. 

Claim 6.1.1.1. Let K" be the function field of B" . We denote by Zf(X"/B", k, h) the set 
of effective cycles V G Zf{X"/B") with 

dei (ML")- 1 -" ■ ^(r(r!(^(l)))) " " " Uf'* {r*Mf {!)))) | V) < h 

and 

degiV'p- 1 ■ V K ») < k, 
where l" = p"* (O^ 1 (1)) . Then, for a fixed k, there is a constant C" such that 

#Zf(X"/B", k, h) < exp(C"/i d+1 ) 

for all h > 1 . 

Fixing I, we prove this lemma by induction on n. If n — I — d — 1, then the assertion is 
trivial, so that we assume n > I — d — 1. Let ip : P^ — » (P^) n be the rational map given by 

(X : • • • : X n ) h-> (X : X x ) x • • ■ x (X : X n ). 

We set = ^ x id : Pg x 5" — » (P^) n x 5" and U = (Pg \ {X = 0}) x B". Moreover, 
let y : K = (P|) n x 5" -> B" be the projection to the last factor, and s l : Y -> P| the 
projection to the z-th factor. We set 

n 

M = (9) s *(o FSl (i)). 



i=l 

For V G Zf(X"/B"; U) (i.e. V G Zf ff (X/S) and any component of Supp(V) is not contained 
in X \ U), let V be the strict transform of V via 0. Then, Lemma |3.2.5| and Lemma 2.3.1 , 

n(l - d)dei (ML") 1 -" ■ c^f* (rXO FS \l)))) ■ ■ ■ Mf* (^(^(l)))) I v) 

> dei (MM)- 1 -* ■ MfirXO^il)))) ■ • • W(^(0 FSl (l)))) I V) 

and 

n(l-d- 1) deg(L"£,7 _1 • V K ») > deg(M^ 1 • V^„). 

On the other hand, {Xo = 0} x B = P^ _1 x B. Thus, by the hypothesis of induction and 
Proposition |5.1.5| , we have our claim. 
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We can define a homomorphism 

(id x fj,)* : Z t (X/B) -> Z^X'/B') 

with (id x /i)*(id x = deg(//)y as follows: Let B be the locus of points of B over 

which B' -> B is flat. We set X = / _1 (-B ). Then, for 1/ G Zf(X/B), no component 
of Supp(K) is contained in X \ X . Thus, (id x /i)*(V) is defined by the Zariski closure of 
(id x ). By virtue of (id x //)*, 

35 (c a (>*(0 FSl (l))) • ^(/V(^0) ■ • ■ci(f'y*(H d )) | (id x „)*(V)) 

= deg(/i)dei fa (>(0 FSl (l)))''~ d • • • ■c 1 {r(H d )) \ vj . 

Thus, in order to prove the theorem in our case, we may assume that B' = B. Then, 

dei U (p*(0 FSl (l))Y~ d ■ c l (r(H 1 )) ■ ■ -MriH,)) I Vj > oi • • • a d x 

dei U (>*(£> FSl (l)))'^ • c x (r (r*(0 FSl (l))) ■ ■ -c^r (r*(G FSl (l))) | (id x u)*(V) 



Thus, by the above Claim, it is sufficient to see the following: For a fixed V on Y , the number 
of effective cycles V on X with (id x v)*(V) = V is less than or equal to exp(deg(z/)/c). For, 
let V — ^2 eiV( be the irreducible decomposition. Then by Lemma [2.1.3 , the above number 



is less than or equal to exp(deg(z/) ^2 e «)- O n the other hand, we can see 

J> < ^degOL^- 1 ■ (Vi) K ) = degO^ 1 • V K ) < k. 

i 

Thus, we get the theorem in our case. 

Let us go back to the proof of the theorem in a general case. Replacing L by a positive 
multiple of it, we may assume that Lx is very ample. Thus we have an embedding : Xk e — > 
P^ with 0*(O(1)) = L K . Let X' be the Zariski closure of X K in Pg x z B and f : X' ^ B 
the induced morphism. Let p : P^ x z -B — > P^ be the projection to the first factor and 

I FSl 

L = p*(0 (1)) . Then there are birational morphisms \x : Z — > X and v : Z — > X' of 

projective arithmetic varieties. We set g = f ■ jj = f ■ u. Let A be an ample line bundle on B 
such that g*(fi*(L) <g> z/*(Z/)® _1 ) ®A is generated by global sections. Thus there is a non-zero 
global section s G H°(Z,fi*(L) <g> ^(L') " 1 <g> </*(A)). Since (/i*(L) <g> z/*(L')® _1 k = 
we can see that /(div(s)) C 5. We choose a metric of A with ||s|| < 1. For V G Zf G (X/B), 
let Vi be the strict transform of V by /i and V' = z/*(Vi). Then, 

d^i (c l (n*(L®r(A)y l+1 -c 1 (g*(H 1 )) ■ ■ Mg^Ha)) \ V x ) 

= dei (c x {W +X ■ Mf* (Hi)) ■ ■ -Mr(H d )) I V) 

+ (/ + !) deg(L l K • V K )ohg (ci(A) ■ c x (H x ) ■ ■ -c x {H d )) 
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Moreover, 

dei (ci(//*(X ® f*(A))' l+1 ■ CxtfiHi)) ■ ■ "WTO) I V x ) 

> dei (c 1 (z/*l')-' +1 ■ c l (9*(H l )) ■ ■ ■c 1 (9*(H d )) \ V,) 

= dei (ctit)^ 1 ■ ^(r^)) • ■ ■c l {r(H d) ) | V) 

FSi 

Thus, we may assume that there is an embedding X <-> P™ x z B and L = p*(0 (1)). 
Therefore we get our Theorem. □ 

6.2. The number of rational points over a finitely generated field. Let us consider 
the polarization 

of Q(zi, . . . , z d \ where pi : (P|) — > P^ is the projection to the i-th factor. B\ is called the 
standard polarization of Q(zi, . . . , z^). First, let us see the following lemma. 

Lemma 6.2.1. 

limgu log#{a: G P"(Q(zi, . . . , z d )) | fegj(x) < h} ^ Q 
mi sup fcd+i 

[See |3]|] /or t/ie definition .) 

Proof. We set if* = p* (O p i (1)) for z = 1, . . . , d. Clearly we may assume n — 1. Let A^ 
be the closure of oo G Pq in P^. We set A$ = p| (AJ. Then 

(6.2.1.1) dei (ci(F0 • ■ - ciCffd) | A«) = 1 

Let P be a Q(zi, . . . , Zd)-valued point of P 1 . Then, there are f , /i G Z[zi, • • • , z d ] such that 
/o and /i are relatively prime and P = (f : fi). Thus, by (|6.2.1.1|) 

hZ(P) = Vmax{de & (/ ),deg J (/ 1 )} + / log (max{|/ |, |/i|}) c^) A ■ ■ • A Cl (F d ). 

Let a be a positive number with 1 — 2da > 0. We set 

S(h) = {f G Z[«i, . . . , z d ] | v(l, /) < exp((l - da)h) and de gi (/) < [a/i] for all i} . 

(See ( p . 5 . 3|) for the definition v.) 

First we claim that h^°((l : /)) < h for all / G <S(/i). If / = 0, then the assertion is 
obvious. We assume that / ^ 0. Then, 

d 

: /)) = E de gi (/) + log(^(l, /)) < d[ah] + (1 - da) ft < h. 

i=l 

Next we claim that 

l/U< eXP((1 " 2ttd)ft) =» »(!,/) <exp((l-ad)ft). 
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For this purpose, we may assume that / ^ 0. Moreover, note that yl + x 2 < \/2x for x > 1. 
Thus, using ( |3.5.1| ) and Proposition |3.5.4| , 

,(1, /) < V2 d[a \/l + |/|| < vW^I/h < vW^l + [^]) rf / 2 |/U 



< V2exp(dah/2) exp(dah/2)\f\ OQ < v / 2exp(rfa/i) 6XP ^ 1 2ac ^) = exp((l - ad)/i). 



By the second claim, 

#«S(/i) > (l + 2 



exp((l — 2ad)h) 

7! 



([aA]+l)« 



> 



V2 



exp((l-2ad)fe) \ (a/l)d 

71 ; 



> exp((l - 2ad)/i - l) (ah)d = exp(a d (l - 2ad)h d+1 - a d h d ) 
Thus, we get our lemma by the first claim. 



□ 



Theorem 6.2.2. Let K be a finitely generated field over Q, and B a fine polarization of K . 
Let X be a projective variety over K and L an ample line bundle on X . Then 

#{x G F n (K) I h% {1) {x) <h}< exp(Ch d+1 ) 

for all h > 0, where d = tr. degq(K). 

Proof. This is a consequence of Theorem |6.1.1| . □ 

Theorem 6.2.3. Let K be a finitely generated field over Q and B a fine polarization of K . 
Then, 



lim sup 

h— >oo 



log#{xeP"(^) I h*(x)<h} 



h d ^ 



>0, 



where d = tr. degq(K). 

Proof. If we set d = tr. degn(K), then there is a subfield Q(zi, . . . ,Zd) such that K is finite 



over Q(zi, . . . , Zd). Let Bi be the standard polarization of Q(zi, . . . , Zd) as in Lemma |6.2.1 
Then, by Lemma |6.2.1 



lim sup 

h— >oo 



log#{xGP«(if) \h»\ 1) {x)<h} 



h d+i 



> 0. 



Let B 1 be the polarization of K induced by B 1 . Then, 

[K : Q{ Zl , z d )}hf {1) (x) = hll^x) + 0(1) 



for all x G ¥ n (K). Moreover, by Proposition |3.4.3| , h^ 1 ,^ x h^^y Thus, we get our theorem. 



(1) ~ lb o{i)- 



□ 



7. Zeta functions of algebraic cycles 



In this section, we would like to propose a kind of zeta functions arising from the number 
of algebraic cycles. First let us consider a local case, i.e., the case over a finite field. 
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7.1. Local case. Let X be a projective variety over a finite field ¥ q and H an ample line 
bundle on X. For a non-negative integer k, we denote by n k (X,H,l) the number of all 
effective /-dimensional cycles V on X with deg^(V) = A;. We define a zeta function Z(X, H, /) 
of /-dimensional cycles on a polarized scheme (X, H) over F g to be 

oo 

Z(X,H,l)(T) =Y J MX,H,l)T kl+ \ 

k=0 

Then, we have the following: 

Theorem 7.1.1. Z(X, H,l)(T) is a convergent power series at the origin. 

Proof. First note that n m i k (X, H® m , /) = n k (X, H, /). Moreover, if we choose m > with 
H® m very ample, then, by Corollary |2.3.4| , there is a constant C with n k (X, H® m , /) < q Ck ' +1 . 
Thus, 

n k (X, H, /) = n mlk (X, H® m , /) < q c ' kl+ \ 
where C = Cm l ^ l+1 \ Therefore, if \q G 'T\ < 1, then 

1 



J2n k (X,HJ)\T kl+1 \ <J2\ q C 'Tf +1 < -£\* C 'T\ 



\q c 'T\ 



k=0 k=0 k=0 

Thus, we get our theorem. □ 



See Remark [7.4.6| for Wan's zeta functions. Next, let us consider height zeta functions in 
the local case, which is a local analogue of Batyrev-Manin-Tschinkel's height zeta functions 
(cf. i). 

Theorem 7.1.2. Let K be a finitely generated field over a finite field W q withd = tr. deg F? (K) > 
1. Let X be a projective variety over K and L a ample line bundle on X . Let h^be a repre- 
sentative of the class of height functions associated with (X, L) as in |2.5| . Then, for a fixed 
k, a series 

x£X(K), 
[K(x):K]<k 

converges absolutely and uniformly on the compact set in {s G C | dt(s) > C} for some C . 
Proof. We set 

X n = {xe X(K) | n - 1 < h L (x) < n and [K(x) : K] < k} 

for n > 1 and 

Xi = {x G X(K) | h L (x) < 1 and [K(x) : K] < k}. 
Then, by Corollary |2.5.2| , there is a constant C such that #(X n ) < q Cnd for all n > 1. 

oo oo oo 

x£X(K), n=1 xeX n n=l n=l 

[K{x):K\<k 

Thus, we have our assertion. □ 
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7.2. Global case. Let K be a number field and Ok the ring of integers in K. Let / : X — > 
Spec(Oft-) be a flat and projective scheme over Ok and H an /-ample line bundle on X. For 
P G Spec(O^) \ {0}, we denote by Xp the fiber of / at P. Here let us consider an infinite 
product 

L(X,H,l)(s) = J] Z(X P ,H P ,l)(#«P)r s ) 
Pes P cc(o K )\{o} 

for s G C. Then, we have the following: 

Theorem 7.2.3. There is a constant C such that the infinite product L(X, H, l)(s) converges 
absolutely and uniformly on the compact set in {s G C | 9ft(s) > C}. 

Proof. Since Z(X P , Hf n , l){q~ s ) = Z(X P , H P , l)(q~ l ^ l+1 >), replacing H by H® n for some 
positive number n, we may assume that H is very /-ample. For non-negative integer k, we 
set 

n k (X P ,Hp,l) = #{V G Zf(X P ) | deg Hp (V) = k}. 

Then, 

oo 

z(x p ,h p ,i)(#(k(p))- s ) = i + Y,MXp,H P ,i)^(P))- skl+1 . 

k=l 

We denote J2V=i M x p, H p , 0#(«( jP ))~'*' +1 b Y M s )- We set ^ = Mf*( H )) - 1. Then, 
for each P, we have an embedding ip : Xp P^p) with l* p {0{1)) = H P . Thus, by 
Theorem [2.3.3| , there is a constant C depending only on I and N with rik(X P ,H P ,l) < 
K(P) Ckl+1 for all k > 1. Thus, for s G C with 3fc(s) > C + 1, 

oo oo 

im*)i < E#( K ( p )) Cfci+1 #( K ( p ))" R(s)fc,+1 = J2*« p )r msyc)kl+1 

k=l 

#(/t(P))-^)- C ) 

1 - #( K (P))-(»W-C) 



fe=l fe=l 

oo 



i=l 

Therefore, we have 



y: \u P (s)\< yi <pr ms) - c) 

PgS P cc(Ok)\{0} PeSpec(OK)\{0} 

oo 

<Y,n~ ms) - c) = cms)-c). 

n=l 

Hence, we get our theorem by the criterion of the convergence of infinite products. □ 



7.3. Arithmetic case. Next let us consider an analogue in Arakelov geometry. Let X be 
a projective arithmetic variety and 7i an ample C°°-hermitian Q-line bundle on X. For an 
effective cycle V of /-dimension, the norm of V is defined by 

A%(V) = exp (dei w (VO m ) . 
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Then, the zeta function of (X,TC) for cycles of dimension I is defined by 

vezf(x) 

Theorem 7.3.4. There is a constant C such that the above ((X, Tl, l){s) converges absolutely 
and uniformly on the compact set in {s G C | > C}. 

Proof. We denote Zf s (X,H,h) the set of all I- dimensional effective cycles on X with 
deg^(V) < h. By Corollary |5.2.2| , there is a constant C such that 

#(Zf(X,H,h)) <exp(C^ +1 ) 

for all h > 1. We choose a positive constant C" with 

exp(t7(/i + 1) ,+1 ) < exp(C'h l+1 ) 

for all h > 1. Moreover, for a real number x, we set [x] = maxjn G Z | n < x}. Note that if 
k = [deg H (y)], then fc < deg H (^) < k + 1. Thus, for s G C with »(s) > C", 

oo 

E l%wi = E E i^)r R(s) 

[d^g^(V)]=k 



< #(Zf(X, H,k + 1)) exp(k l+1 )~^s) 

k=0 

oo 

< E exp(C(£; + l) m ) exp(A; m )- R(s) 



k=0 



< 



exp(C)+Eexp(-(^( S )-C")) 



fc=l 



<exp(C) + -P(-(*W- C ')) 



1 - exp(-(3?(s) - C')) ' 
Thus, we get our theorem. □ 

7.4. Remarks. Here let us discuss remarks of the previous zeta functions. The first one is 
the abscissa of convergence of zeta functions. 

Remark 7.4.5. Let / be an index set and {Aj}j £ / a sequence of real numbers such that 
the set I(t) = {i G / | Aj < t} is finite for every real number t. Then the abscissa cr of 
convergence of the Dirichlet series 

exp(— Xjs) = lim E] exp(— Ajs) 

is given by 



t— >oo 

iel i£l(t) 



(To = hmsup 

f^oo t 



52 ATSUSHI MORIWAKI 

Let X be a projective scheme over ¥ q and H an ample line bundle on X. Moreover, 
let X be a projective arithmetic variety and TC an C°°-hermitian line bundle on X. We 
denote by a (X, H, I) (resp. o~ (X, H, I)) the abscissa of convergence of Z(X, H, l)(q~ s ) (resp. 
((X ,TC,l)(s)). Then, a (X,H,l) and ao(X,H, I) are given by 

, v „ n r log 9 #({VG^ ff W | deg H (V) < fe» 
cr (A , H,l) = hm sup 

and 

log#({VGZf ff (A')|dei^)<M 



<jq(X ,1-1,1) =limsup 

/i— >oo 



respectively. 

For example, let X be an ra- dimensional projective scheme over ¥ q with Pic(X) = Z • H, 
where H is ample. Then, 

MX,H,n-l) = deg{H l )n _ ln] . 

Remark 7.4.6. Let X be a projective variety over a finite field ¥ q and H an ample line 
bundle on X. As before, the number of all effective /-dimensional cycles V on X with 
deg#(V) = k is denoted by n k (X, H, I). In 0, Wan defined a zeta function Z(X, H, I) by 



Z(X,#,/)(T) = ^ fc (X,#,/)T A 



k=0 



He proved Z(X, H,l)(T) is p-adic analytic and proposed several kinds of conjectures. Of 
course, Z(X, H,l)(T) is never analytic as C- valued functions if < I < dimX. In order to 
get classical analytic functions, we need to replace T k by T k 

Appendix A. Bogomolov plus Lang in terms of a fine polarization 

Theorem A.l ([[|, Theorem 4.3]). We assume that the polarization B is fine. Let X be a 
geometrically irreducible projective variety over K , and L an ample line bundle on X. Then, 
for any number M and any positive integer e, the set 

{x 6 X(K) | hf(x) < M, [K(x) :K]<e} 

is finite. 

Theorem A. 2 (|| Theorem A]). We assume that the polarization B is fine. Let A be an 
abelian variety over K , and L a symmetric ample line bundle on A. Let 

( , )f : A(K) x A(K) - R 

be a paring given by 

(*, V)1 = \ + y)~ hj{x) - IvJix)) . 

For xi, . . . , x\ E A(K), we denote det ^(xj, Xj)f \ by Sf(xx, . . . , x{). 



THE NUMBER OF ALGEBRAIC CYCLES WITH BOUNDED DEGREE 



53 



Let r be a subgroup of finite rank in A(K) (i.e., T <8> Q is finite- dimensional) , and X a 
subvariety of A-^. Fix a basis {71, . . . ,j n } of T <g> Q. If the set 

{xeX(K)\5i(j 1 ,..., ln ,x)<e} 

is Zariski dense in X for every positive number e, then X is a translation of an abelian 
subvariety of A^ by an element ofTdiv = {x E A(K) \ nx E V for some positive integer n}. 

The proof of Theorem A.l and Theorem [A.2| : Here, let us give the proof of Theo- 



rem |A.1| , Theorem [A.2| . Theorem [A.l| is obvious by [H Theorem 4.3] and Proposition |3.4.3 



or Theorem |6.1.1| . Theorem [A.2| is a consequence of || , Proposition |3.4.3| and the following 
lemma. 

Lemma A. 3. Let V be a vector space over WL, and ( , ) and ( , )' be two inner products on 
V . If (x, x) < (x, x)' for all x E V , then det ({xi, Xj)) < det ((x i: Xj)') for all X\, . . . , x n G V . 

Proof. If linearly dependent, then our assertion is trivial. Otherwise, it is 

nothing more than [01 Lemma 3.4]. □ 

Remark A. 4. In order to guarantee Northcott's theorem, the fineness of a polarization 
is crucial. The following example shows us that even if the polarization is ample in the 
geometric sense, Northcott's theorem does not hold in general. 
Let k = Q(v / 29), e = (5 + v / 29)/2, and O k = Z[e]. We set 

E = Proj (O k [X, Y, Z]/(Y 2 Z + XYZ + e 2 YZ 2 - X 3 )) . 

Then, E is an abelian scheme over Ok- Then, as in the proof of [||, Proposition 3.1.1], we can 
construct a nef C^-hermitian line bundle H on E such that [2]* (if) = H® 4 and is ample 
on Ek, ci(H) is positive on E(C), and that deg (ci(H) 2 ) = 0. Let K be the function field of 
E. Then, B = (E; H) is a polarization of K. Here we claim that Northcott's theorem dose 
not hold for the polarization (E, H) of K. 

Let pi : E Xp k E — >• E be the projection to the i-th factor. Then, considering P2 : 
E x Qk E —> E, (E x Qk E,p*(H)) gives rise to a model of (Ek, Hr)- Let Y n be the graph of 
[2] n : E — >• E, i.e., r n = {([2] n (x),x) | x G E}. Moreover, let K- valued point of Ek 

arising from T n . Then, if we denote the section E — > T n by s n , then 

hl K (x n ) = dei (pl(H) ■ p* 2 (H) ■ r n ) = dei «(pJ(B)) ' <(p* 2 (H))) 

= dei (([2) n )*(H) -H)=deg (if^ ■ if) = 4 n dei (H -ll) = 0. 

On the other hand, distinct points in Ek(K). 

Appendix B. Geometric Northcott's theorem 

Proposition B.l. Let X be a smooth projective variety over an algebraically closed field 
k of characteristic zero, C a smooth projective curve over k, and f : X —>■ C a surjective 
morphism whose generic fiber is geometrically irreducible. Let L be an ample line bundle on 
X. If deg(f*(oUx/c)) > for some n > 0, then, for any number A, the set 

{ A I A is a section of f : X -> C with (L ■ A) < A} 

is not dense in X . 
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Proof. Let us begin with the following lemma. 

Lemma B.2. Let f : X — > Y be a surjective morphism of smooth projective varieties over 
an algebraically closed field k of characteristic zero. If there are a projective smooth algebraic 
variety T over k and a dominant rational map (ft : T x k Y --■> X over Y, then the double 
dual f^(u x ^ Y ) yy of f*(w x / Y ) is a f ree Oy -sheaf for all n > 0. 

Proof. Let A be a very ample line bundle on T. If dimT > dim / and 7\ is a general 
member of \A\, then <p\ TlxY '■ Ti x Y — » X still dominates X. Thus, considering induction 
on dimT, we may assume that dimT = dim/. 

Let fi : Z T x Y be & birational morphism of smooth projective varieties such that 
ip = <j) ■ fi : Z ^ X is a morphism. Then, if) is generically finite. Thus, there is a natural 
injection iP*(ux/y) ^ Vz/y- Hence, ip*(uJ x , Y ) ^ ^z/y f° r a ^ ra > 0. Therefore, 

Applying /* to the above injection, we have 

AK/y) ^ /*(V'.(Wz/y))- 
Further, letting p be the natural projection p : T x K — > Y, 

UM^z/y))=P*(^z/y))=P*^txy/y) = H°(T,u%) ® k O y . 

Thus, /*(<^x/y) W ^ s a subsheaf of the free sheaf H°(T,u^) 0^ Oy. 
Here we claim 

(B.2.1) ( Cl (f*(u x/Y ) vv ) ■ H*- 1 ) >0, 

where if is an ample line bundle on Y and d = dimy. This is an immediate consequence 
of weak positivity of /»(wwy) vv due to Viehweg ||. We can however conclude our claim by 
a weaker result of Kawamata 0, namely deg(f*(u x , Y )) > if dim V = 1. For, considering 
complete intersections by general members of |iT m | (m ^> 0), we may assume dimF = 1. 

We can find a projection a : H (T,uj%) <g> fc O y -> Of™ such that r n = rk /*(^x/y) W and 
the composition 

is injective. Therefore, since /*( u x/y) vv is reflexive, the above homomorphism is an isomor- 
phism by ( [B~2~l~l) . □ 



Let us go back to the proof of Proposition B.l . Let Hom^(C, X) be a scheme consisting 



of morphisms from C to X. Then, there is a morphism a : Homfc(C, X) — > Homfc(C, C) 
given by a(s) = f ■ s. We set Sec(/) = a _1 (idc). Then, there is a natural morphism 
(3 : Sec(/) xC^I given by (3(s,y) = s(y). Since L is ample, 

{A | A is a section of / : X -> C with (L ■ A) < A} 

is a bounded family, so that there are finitely many connected components Sec(/)i, . . . , Sec(/) r 
of Sec(/) such that, for all sections A with (L ■ A) < A, there is s G Sec(/)j for some i with 
A = s(C). On the other hand, by Lemma [B.2| , Sec(/)j x C — > X is not a dominant morphism 
for every i Thus, we get our proposition. □ 
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